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Abstract. Surgery theory is a classification tccimicjuc for manifolds of di- 
mension bigger than 4 which was developed in the 1960s. The traditional 
Browder-Novikov-SuUivan- Wall-theory decides whether an (n-|- l)-dimensional 
normal cobordism (e, /, /') ; {W, M, M') — > X with / and /' homotopy equiv- 
alences is cobordant rel9 to an s-cobordism. There is an obstruction in a 
group L„_(.i(Z[7ri(X)]) which vanishes if and only if this is possible. Algebraic 
L-groups have been extensively studied and computed. For a ring A with in- 
volution, Ln(A) is a Witt group of quadratic forms if n is even and a Witt 
group of quadratic formations if n is odd. A formation is a quadratic form 
with a pair of lagrangians, i.e. two hyperbolic structures which arise from an 
expression of an odd-dimensional manifold as a twisted double. 

In the 1980s M. Krcck generalized Wall's original approach by dealing 
with cobordisms (e, /, /') : (W, M, M') — > X of normal smoothings in which 
/ and /' are only [^^i^] -equivalences. There is an obstruction in a monoid 
In+i (Z[7ri {X)\) which is elementary if and only if that cobordism is cobordant 
rel9 to an s-cobordism. The /-monoids are little understood algebraically and 
there are no computations of them. 

This memoir studies the algebraic properties of /2q(A) (i.e. n + 1 = 2q). 
Z-monoids are equivalence classes of generalized formations which we call pre- 
formations. Preformations are algebraic models of highly-connected bordisms 
between highly-connected odd-dimensional manifolds. We introduce three ob- 
structions to an element z G '29 (A) being elementary. Firstly, it is shown that 
every elementary z 6 /q^ (A) has a stable flip-isomorphism. A flip-isomorphism 
of a preformation can be thought of as a kind of algebraic isomorphism between 
the two ends of the bordism associated to that preformation. In certain cases 
there is a close relationship between flip-isomorphisms and isometrics of the 
topological linking forms of M and M' . Secondly, every flip- isomorphism of z 
determines an asymmetric form which vanishes in the asymmetric Witt group 
LAsfP (A) if z is elementary. At last, a quadratic signature can be defined for 
certain kinds of fiip-isomorphisms. z is elementary if and only if one of these 
quadratic signatures is zero in L2q(A). 
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Introduction 



All manifolds shall be compact and smooth. 

Surgery theory was pioneered in the famous paper of Kervaire and Milnor |KM63j 
on the classification of homotopy spheres. Surgery on high-dimensional manifolds 
was then developed by Browder, Novikov, Sullivan and Wall, culminating in the 
general theory of Wall's book |iWal99) . A modified theory which needs weaker 
prerequisites has been presented and appHed by M. Kreck (see |Kre99p . It assigns 
to any cobordism of normal smoothings an element in the monoid ^2g(A) which 
is elementary if and only if that cobordism is cobordant rel9 to an s-cobordism. 
The main aim of this treatise is to provide obstructions which can help to decide 
whether an element in hqi-^) is elementary or not. 

The first step is to determine whether such an element has a flip-isomorphism 
which in certain simply-connected cases is the same as the existence of an isometry 
of linking forms of the manifolds that one wants to classify. 

The second step is to compute asymmetric signatures i.e. certain elements in 
the asymmetric Witt- group LAsy'^{A) for each flip-isomorphism. In the case of an 
elementary element all these signatures vanish. If the element in ^2(j+2(A) allows 
linking forms it turns out that the asymmetric signatures only depends on a choice 
of isometry of those linking forms. 

Alternatively one can define quadratic signatures for a certain class of flip- 
isomorphisms. An element in the Z-monoid is elementary if it allows such a special 
kind of flip-isomorphism and if the quadratic signature in the quadratic Witt-group 
-^2(j+2(A) vanishes for at least one of them. 

The quadratic signature is technically more difficult to handle than its asymmetric 
sister but they are related via the canonical map L2g+2(A) — > LAsy'^{A). 
Nicer results can be obtained when one deals with all those elements in (A) that 
are represented by non-singular formations (the objects which help to define the 
odd-dimensional L-groups). They are the obstructions to a Kreck surgery problem 
where e.g. all normal smoothings are in fact normal maps and if M and M' are 
closed. Then the definition of asymmetric signatures still requires the existence 
of a flip-isomorphism but they will be independent of the particular choice. One 
can even tame the quadratic signatures: they exist for all flip-isomorphisms and 
considerable simplifications can be achieved. 

This paper is based on the author's 2004 University of Edinburgh doctoral thesis. 

0.1. Classical and Kreck's Surgery Theory 

In the following the surgery theory of Browder-Novikov-SuUivan-Wall and its mod- 
ification by Kreck are outlined. For a more elaborate account see Section ITtI 
In the 1960s C.T.C. Wall and others developed surgery theory as a tool to find out 
when a (normal) homotopy equivalence / : M — > of n-dimensional manifolds is 
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homotopic to a diffcomorphism. There is a first obstruction which decides whether 
/ can be extended to a degree 1 normal cobordism 





(g, /, In) : {W, M, N) ^ N x (/, {0}, {!}) 

i.e. /, g and Ijv are covered by maps of the stable normal bundles and they map 
fundamental class to fundamental class. A second obstruction determines - in a 
more general setting - whether a normal cobordism into a finite geometric Poincare 
space X 



(0.1) 



(5,/o,/i): WMo,Mi)^Xx(J,0,l) 



with homotopy equivalences fi is cobordant leld to a homotopy equivalence i.e. an 
s-cobordism. In that case and for Tri(X) with vanishing Whitehead groups^ the 
s-cobordism theorem tells us that Mq and Mi are diffeomorphic. In the following 
we will concentrate on the second obstruction. 

Assume the dimension of W is even (dim W ~ 2q + 2). Surgery below the middle di- 
mension allows us to replace g by a (<7+l)-equivalence. Then define {Kq^i{W), A, v) 
with Kg+i{W) the kernel module which is the homology of the induced map 
g: W — > X of the universal covers with twisted coefficients. The form A is induced 
by the Poincare duality on W and X and v is the self-intersection map. Together 
they are a non-singular (— )*"'""'^-quadratic form which vanishes in the Witt group 
L2q+2{'^['^i{X)]) if and only if (|0.1|) is cobordant rel9 to an s-cobordism. 
If the dimension of W is odd (dim W = 2q+l), the construction of an obstruction 
is slightly more complicated. One way is to extend g: W — > Y = X x I to 
a presentation (see |Ran01| ). that is a (2g + 2)-dimensional degree 1 normal 
cobordism {V, W, W) 



Of course there is also a version for other fundamental groups. Then we have to replace 
homotopy equivalences by simple homotopy equivalences and use the simple L-groups. 
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h 




Y xl 





such that also h and g' are highly-connected. Define a non-singular formation 



{F 



G 



F*) with 

■G = Kq 

■.G = K„ 



-i{V) F = Kg+i{V,W) 

K,+iiV,W') ^ K'i+\V,W) ^ F* 



A non-singular formation is a tuple (F G F* , 9) such that ( ^ ) : G — > 
H(^_^q(F) is an inclusion of a lagrangian into a hyperbolic form and {G,"f* ^,6) is 
a (—)'+^ -quadratic form. A formation determines a class of automorphisms of the 
hyperbolic form sending F to G which represents the obstruction in Wall's original 
version of odd-dimensional surgery theory (see |Ran01 for details). 
The obstruction formation lives in some kind of Witt-group L2q+i{Z[7Ti{X)]) of 
non-smg ular formations {F G F*). A gain the obstruction vanishes if and 
only if surgery is successful in producing an s-cobordism i.e. if and only if there 
exists a presentation as before with /' : W' — > Y a homotopy equivalence (i.e. an 
s-cobordism). 

Matthias Kreck modified traditional surgery theory in the early 1980s (see |Kre99p 
for the odd- and even-dimensional case such that it requires much weaker topological 
input. In this treatise we shall only focus on the even-dimensional case. There are 
two major differences to the classical even-dimensional surgery programme. First 
of all Kreck can replace the normal maps by a considerably weaker notion called 
normal smoothings, that is, a lift of the stable normal bundle M — > BO to a 
fibration B — > BO. As pointed out in his paper normal maps are a special case of 
this concept. The second main difference is that Kreck just needs [n/2] -equivalences 
on the boundary of a normal cobordism whereas in Wall's theory we started with 
full homotopy equivalences. Hence we look at a {2q + 2)-dimensional cobordism 
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/' 



B 



with / and /' being g-equivalences and (after the usual surgery below the middle 
dimension) g being a (q + l)-equivalence. The obstruction here is an object 



{F^G^ F*,e) 

= (Hq+i{W, Mo) ^ im(7r,+2(S, W) 7r,+i(W^)) 



i/,+i(W^,Mi),V) 



(F G F* ,9) is called a preformation. It is basically a tuple of homo- 
morphisms of (free) f.g. modules over Z[7ri(i?)] such that (G,7*/Lt, 0) is a (— )''*'^- 
quadratic form. The obstruction lives in a monoid Z2(j+2(A) and is elementary if 
and only if {W, M, M') is cobordant rel9 to an s-cobordism. 

One observes that on the one hand side the classical even-dimensional case at the 
beginning is a special case of Kreck's surgery setting. On the other hand the 
obstruction looks quite similar to the obstruction formation in the odd-dimensional 
case. 

The theory was successfully applied by M. Kreck and others (see also Introduc- 
tion of |Kre99p to the classification of 4-manifolds (see e.g. |Kre01) . ^KT94 ), 
7-dimensional homogeneous spaces (see e.g. jKS88| . |KS91p . of complete intersec- 
tions (see |Kre99| ) or of classification of higher dimensional manifolds in general 
(see e.g. |KT91j ) 

Despite its successes, there are disadvantages of this programme: the complicated 
algebra. The obstructions do not lie in the L-groups anymore but in monoids 
Z2<j(A) with A a ring with involution. The criterion that surgery is successful in 
creating an s-cobordism is not that the obstruction vanishes but that it fulfils 
certain complicated conditions (being elementary). M. Kreck himself writes: "The 
obstruction /-monoids are very complicated and algebraically - in contrast to the 
i-groups - not understood." ( jKreOO| p. 135) No-one has been able to compute 
^2^+2 (A) e.g. for K — Ij. Hardly any relations to the L-groups are known. The aim 
of this treatise is to bring some more insight into the structure of l2(}+2(A), find 
relations to the quadratic and asymmetric Witt-groups and give obstructions for 
elements in ^29+2 (A) to be elementary. 
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0.2. The Main Strategy 

For a moment let us forget about normal maps and smoothings and consider a 
cobordism of manifolds {W, AI, M') with dimW^ > 6 and even. Let A = Z[7ri(VF)]. 
The surgery theory question is: can we surger W (without affecting the boundary) 
in such a way that the result will be an s-cobordism? Let us assume that we already 
know that there is a diffeomorphism h: M M' . Using that diffeomorphism, 
the boundary of W can be changed to a twisted double dW = M yJh\dM M i.e. 
two copies of M glued together along its boundary by the automorphism on dM 
induced by h. 

Twisted doubles play an important role in topology e.g. if one wants to compute 
the cobordism group of diffeomorphisms or investigate open book decompositions. 
Kreck computed the cobordism of automorphisms first (see e.g. |Kre84| ). followed 
by Quinn who offered an alternative approach. In |Qui79| he develops a theory 
about open books decompositions which are strongly related to twisted doubles. 
Twisted doubles were studied by Winkelnkemper in |Win73| and both results were 
connected in |Ran98| Chapter 30. 

The main question in this context is to decide whether manifold with a twisted 
double on the boundary is cobordant rel9 to another manifold that itself carries 
a compatible twisted double structure (see Section l4.1|l . In the even-dimensional 
case, he constructed a non-singular asymmetric form which vanishes in the asym- 
metric Witt-group LAsy'^{A) if and only if the twisted double on the boundary 
can be extended (up to cobordism) to the whole manifold. If (W, M, M') is an 
s-cobordism (i.e. a tube) any diffeomorphism M M' will transform W into 
a twisted double. Hence, if (IV, M, M') is cobordant reli9 to an s-cobordism, the 

asymmetric signature will vanish for any diffeomorphism M M' . 
This approach does not lead to a practical method helping in the classification of 
manifolds. After all, it starts with the assumption that the manifolds, we want to 
classify, are already diffeomorphic! 

The asymmetric signature becomes workable though if we use algebraic surgery 
theory. This theory provides us with constructions that imitate Quinn's asymmet- 
ric signature for symmetric Poincare pairs (see jR.an98| Chapter 30 or Section 
l4.2l of this paper). Symmetric pairs are purely algebraic objects but arise naturally 
from topology. As an example, the symmetric Poincare pair associated to a mani- 
fold W with the twisted double M U/i M as a boundary consists of singular chain 
complexes of the universal covers of W , M and M together with chain equivalences 
that induce Poincare duality on those manifolds and further maps which guaran- 
tee the symmetry properties of Poincare duality. In addition, one needs the chain 
maps induced by the inclusion of the boundary into W and the diffeomorphism 
h: DM ^ dM. 

The algebraic surgery version of the asymmetric signature gives another way of 
finding out whether W is cobordant to a twisted double (see e.g. |R.an 98 Corollary 
30.12). It also shows that the answer to this question only depends on the homotopy 
type of the ingredients. 

But it does even more than that. It is a purely algebraic calculus and can be used 
to help us testing the elementariness of elements in l2q+2 (A) . 

It will be shown that an element in Z2g+2(A) (or to be more precise a preforma- 
tion z = [F G F* , 9) representing that element) gives rise to a quadratic 
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Poincare pair x. A quadratic Poincare pair is an algebraic model of a normal map. 
Every quadratic Poincare pair induces a symmetric Poincare pair. For such quadra- 
tic Poincare pairs there are notions of surgery, cobordism veld and ft,-cobordisms. 
In particular, x is cobordant veld to an algebraic /i-cobordism if and only if the 
element ^2^+2 (A) at the beginning was elementary. Hence x behaves just like an 
"algebraic Kreck surgery problem" . This gives us some hope that a purely algebraic 
version of an asymmetric signature, as presented for manifolds before, is feasible 
and helps to test elementariness. 

As a first step we need to transform the boundary of the quadratic Poincare pair 
X into some kind of algebraic equivalent of a twisted double. Instead of a dif- 
feomorphism M M' we only need an equivalence of the quadratic complexes 
which are the two algebraic "boundary components" of x. For the preformation z 
this means that there exists a (stable weak) isomorphism t between z and its flip 
z' — {F* G F, —9): a flip-isomorphism. 

There is also a more geometrical reason why flip-isomorphisms are the correct 
algebraic substitute for a diffeomorphism. Let 

(e, /,/'): (W^,M,Af')^Ax (7,0,1) 

be a presentation i.e. a degree 1 normal cobordism such that e, / and /' are highly- 
connected and assume for simplicity that M and M' are closed. Let z — {F 
G F*, 0) be the Kreck obstruction formation. We encountered such a cobordism 
before when we defined the odd-dimensional Wall obstruction for /. By Corollary 
ll.4.5l both obstructions can be assumed to be the same. The Wall obstruction of the 
odd-dimensional highly-connected normal map /' is the flip z' = {F* G 
F, —9) of z. An "algebraic" isomorphism from the L-theory point of view is hence 
a (weak) isomorphism t between z and z' - a flip-isomorphism: 




t 



In any case we can prove that if z is (stably) elementary it has indeed (stable) 
flip- isomorphisms. 

It is easy to determine when a preformation z = {F G F* , 6) over Z with 
finite coker 7 and coker n allows fiip- isomorphisms, z induces linking forms i.e. ±- 
symmetric forms on those cokernels. If z is an obstruction to an even-dimensional 
Kreck surgery problem {W, M, M') — > B then those algebraic linking forms of z 
are induced by the topological linking forms of M and M'. Any isometry of those 
linking forms gives rise to flip-isomorphisms and conversely any flip-isomorphism 
induces an isometry of the linking forms. 

But let us return to the quadratic Poincare complex x we constructed out of z. 
Every flip-isomorphism t transforms the boundary of the Poincare pair x into an 
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algebraic twisted double. Now the algebraic surgery version of the asymmetric 
signature yields an asymmetric signature a*{z,t) G LAsy'^{A) depending only on 
the preformation z and a flip-isomorphism t. (These constructions do not only 
work for group rings or Z but for any weakly finite ring A with 1 and involution). If 
[z] G ^29+2 (A) is elementary then the asymmetric signatures vanish for all (stable) 
flip- isomorphism. 

As mentioned before, isometries of linking forms are a good source for flip-iso- 
morphisms. It turns out that the asymmetric signatures only depend on those 
linking forms. 

Obviously we are interested in whether these asymmetric signatures will be com- 
plete obstructions to elementariness. The evidence does not look all too optimistic. 
First of all asymmetric signatures completely ignore all quadratic information sim- 
ply because - unlike in other surgery problems - their definition and application 
does only require manifolds but not necessarily normal maps/smoothings. 
We again resort to the manifold world for some inspiration for a stronger obstruc- 
tion. Assume again we have an even-dimensional cobordism {W, M, M'). For a mo- 
ment let us assume that M and M' are closed. Any diff'eomorphism h : M M' 
allows us to glue both ends of W together. Alternatively we obtain the same man- 
ifold if we replace M by M' using h (then is a manifold with an (un-)twisted 
double M -h M on the boundary) and then glue the s-cobordism M x {1, 0, 1) on 
it. The resulting closed manifold V is nuU-cobordant if and only if {W, M, M') is 
cobordant to an s-cobordism. 

If M and M' are not closed, h again turns ( W, M, M') into a manifold with a twisted 

double as a boundary. But we have to be careful now: not every twisted double is 
the boundary of an s-cobordism. If, however, we demand that h\dM is isotopic to 
IdM we can glue (W, M, M) onto M x (7, 0, 1) and again get a closed manifold which 
is null-cobordant if and only if (W, M, M') is cobordant to an s-cobordism. Similar 
constructions also work for a normal cobordism and a compatible diffeomorphism 
h. 

Again we follow our philosophy that anything that can be done for manifolds can 
also be done in the algebraic world of complexes. We imitate the procedures for 
the quadratic Poincare pair x that we created out of a preformation z. The case 
dM = (l\ corresponds to the case where z is a non-singular formation. As an 
example, the obstruction of a Kreck surgery problem {W, M, M') — > X x (/, 0, 1) 
is a formation when all maps involved are normal maps, X is a finite geometric 
Poincare space and the induced map dM — > dX is a homotopy equivalence. Just 
like with manifolds and normal maps, it is possible to glue quadratic Poincare pairs 
together and there is a notion of cobordism. All we need is an equivalent for the 
diffeomorphism h: M M'. Any chain equivalence of the quadratic complexes 
which constitute the two "boundary components" of x will do the job. It is nothing 
else than the flip-isomorphism, we have encountered before. So we use a choice of 
flip-isomorphism to glue the "ends" of the Poincare pair together and the resulting 
Poincare complex is null-cobordant if and only if x is cobordant leld to an algebraic 
/i-cobordism and this is the case if and only if [z] € l2q+2{^) is elementary. One 
of the fundamental facts of algebraic surgery theory is that the set of cobordism 
classes of Poincare complexes are Wall's L-groups. Hence our construction leads to 
an obstructions in Z/2g-i-2(A) - the quadratic signatures. 
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Unfortunately, the generalization to arbitrary preformations is much more unpleas- 
ant. In the case of manifolds or normal maps not any diffeomorphism could be used 
for the glueing operation. The same is true in the algebraic surgery world. Not every 
flip-isomorphism is suitable to produce a quadratic signature. We have to introduce 
a new class of flip-isomorphisms called flip-isomorphisms rel9. The quadratic 
signatures of such a flip-isomorphism leld will also depend on other choices and 
hence are rather difficult to handle. 

In any case, one can show that quadratic and asymmetric signatures are connected 
via the canonical map 

(K,^) ^ (i^,Vo-e^o*) 
0.3. The Results 

Let A be a weakly finite ring with 1 and an involution. Let e = (— and let z — 
(F G F* , 9) be an e-quadratic split preformation, that is a tuple consisting 
of a free f.g. A-module F, a f.g. A- module G, a A-homomorphism ( ^ ) : G ^ F®F* 
and a map 6: G ^ (5_c(A) such that (G, 7*/i, 0) is a (— e)-quadratic form. The 
obstruction to a surgery problem in Kreck's theory is such an object. 
We say that two preformations are stably strongly isomorphic if they are 
isometric after one adds "hyperbolic elements" of the form 

(0 i\ 

((P©F*) ^ (P©P*) {P®P*)*,{Vo)) 

The equivalence classes form the /-monoid /2ij+2(A) and the equivalence classes 
of regular preformations (i.e. G is free) define the /-monoid /2g+2(A) (compare 
Definition II . 2 . 1 H on p l20|l . The main theorem in Kreck's modified surgery theory 
states that surgery leads to an s-cobordism if the obstruction is stably elemen- 
tary. Hence, our aim is to find obstructions for z to be stably elementary. By 
Corollarv ll.4.61 fp l28(l we can replace z by a regular preformation i.e. one with a 
free G. 

In Kreck's original theory all isometrics and isomorphisms were simple and all 
modules involved were based. We will ignore the Whitehead obstruction in the 
following and hence only deal with /i-cobordisms. For A = Z or A = ZfZ™] there 
is no difference. 

There are certain obvious primitive obstruction for a preformation to be elementary. 

Proposition (See CoroUarv 11.4.31 on p[?7|. If [z] e /2g+2(A) is elementary then 
ker7 = kei fi, coker7 = coker/i, ker7*/i = ker7©ker7*, coker7*/i = coker7© 
coker 7* and rk F is even 

The first really important obstruction we will discuss is the existence of a flip- 
isomorphism. A flip-isomorphism is a weak isomorphism (a, /?, x) of z with its 
flip z' = (F* ^ G ^ F,~e). (Compare Definition imi on p H^ . Weak 
isomorphisms are a generalization of isomorphisms of formations as they are used 
in the definition of the odd-dimensional L-groups (see Definition 11.2.121 on p l22|l . 
A strong isomorphism (which is used in the definition of the even-dimensional l- 
monoids) is also a weak isomorphism (see R.emark ll . 2 . 1 5l on p l22|l . Every elementary 
preformation has a fiip-isomorphism: 
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Proposition (See Corollary 13.1.31 on dI17|. Let z be a regular e-quadratic split 
preformation. If z is (stably) elementary there is a (stable) strong flip-isomorphism 
(a,/3,0) such that a: F — > F* is e-symmetric and zero in L'^'^(A) (and hence also 
in LAsy"{A)) and ^1g- 

Now we use the flip-isomorphism to define asymmetric and quadratic signatures. 

Flip-Isomorphisms and Asymmetric Signatures. For all flip-isomorph- 
isms t = (a, /3, x) (even those that do not fulfil the stronger conditions of the 
previous proposition) there is an asymmetric signature a*{z,t) — {M,p) e 
LAsy'^{A) of a flip-isomorphism t of z given by 

/O a \ 

p=ll \:M = F®F*®F — > M* 

\0 1 eaix-ex*)*^*/ 

fPcfinition 14.3.11 on d I()1(I . We define an abelian monoid fl2q+2{A) as a kind of 
Z-monoid of preformations with a choice of fiip-isomorphism (Definition 14.5.11 on 
d I64() . Then the asymmetric signatures define a map from that monoid into the 
asymmetric Witt-group which vanishes for all stably elementary preformations. 

Theorem (See Theorem 14 . 5 . 31 and Remark 14.5.21 on p l65() . The asymmetric signa- 
tures give rise to a well-defined homomorphism of abelian monoids 

a*:fhg+2{A) LAsy\K) 
[(z,t)] a*{z,t) 

If [z'\ S l2q+2{A) is elementary then a*{z,t) — for all flip-isomorphisms t of all 
preformations z with [z\ — [z'] S ^213+2 (A). 

We will give two proofs of this Theorem (or rather of the underlying Thcorem l4.4.1l 
on p lt)2|l : one using algebraic surgery theory and a explicit stable lagrangian of our 
asymmetric signature. 

A test case for asymmetric signatures are boundaries of quadratic forms in partic- 
ular the submonoid of l2q+2{A) given by the injection 

L2q+2{A) ^ l2q + 2{A) 

{K, e) ^ d{K,0) = (K <^ K K*,0) 

Here live the obstructions of traditional surgery theory interpreted as a special case 
of Kreck's modified theory. 

Corollary fCoroUarv 16.3.21 pl83|l. Let {K,d) be a non-singular {—e}- quadratic 
form. Then z = d{K, 6) is a non-singular e-quadratic split formation. 

i) z has a (stable) flip -isomorphism. 

ii) [z] G l2q+2{A) is elementary if and only if [{K, 9)] — ^ L2q+2{A). 

iii) All asymmetric signatures equal [{K,9 — e6*)] £ LAsy^[K). 

iv) Assume that either A is a field of characteristic different to 2 or that 
A = Z and e = — 1 . The preformation z is elementary if and only if the 
asymmetric signatures vanish. 

Asymmetric signatures ignore any "quadratic split" information. Hence non-sing- 
ular skew-quadratic forms over Z and Z/2Z with non-trivial Arf- invariant have 
vanishing asymmetric signatures but their boundaries aren't stably elementary (see 
Example on plM|. 



10 



INTRODUCTION 



Linking Forms. What is an easy source for flip-isomorphisms? For a certain 
class of preformations the answer is linking forms. Assume that 5 C A is a central 
multiplicative subset, e.g. A = Z and S = Z\{0}. We call a map an S'-isomorphism 
if tensoring with 5~^A makes it an isomorphism. If ^ is an S-isomorphism the 
preformation determines a linking form and if 7 is an 5-isomorphism it defines 
a linking form L^. 

Proposition (See Proposition on p l55|l . Let z ^ [F ^ G F* ,9) be a 

regular split e-quadratic preformation with either fi or ^ an S -isomorphism. 

i) // z allows a flip-isomorphism then both 7 and fi are S -isomorphisms. 
Every flip-isomorphism t — {a, (3, x) induces an isomorphism of split (— e)- 

quadratic linking forms [(x~*]: -—>■ L^. 

ii) Assume 7 and /i are both S -isomorphisms and and are isomor- 
phic. Every isomorphism I : induces a stable flip-isomorphism 
{a,l3,x) of z such that [a^*] = I: Lj. 

We introduce sub- monoids of the /-monoids P''+^(A) and //^''+^(A) of preformations 
{F ^ G F*) where 7 and fi are S'-isomorphisms and the quadratic refinement 
is omitted: 

lf+^{A) = {[{F ^ G F*)] e l2q+2{A)\n and 7 are ^-isomorphisms} 



flT^i^) = {[{z.t)]:[z]^lf+\A)] 




Similarly we define an /-monoid llf^^iA) of preformations {F ^ G F*) with 
a choice of isometry = L^. The previous proposition can be interpreted as the 
existence of a surjection //^'^^^(A) — > //|''^^(A) (see Section [731l . 
For preformations in /g'^(A) the asymmetric signature cr*(z, t) of a flip- isomorphism 
t does only depend on the preformation and the isometry of linking forms induced 
by t. 

Theorem (See Theorem l7.4.3l on pl92|l. There is a lift of the asymmetric signature 
map of Theorem \4-.5.S\ 

flf+'{A)-T^LAsy^{A) 



lir\A) 

If [z'] G /|'^^(A) is elementary then a*{z^l) = G LAsy'^{A) for all isomorphisms 
I: Lf" ^ L^. 

This theorem is quite an improvement. Instead of checking the asymmetric signa- 
ture for all flip-isomorphisms of all stably strongly isomorphic preformations, we 
only have to go through all isometries of linking forms of one representative. In 
the case A = Z and S ^ Z \ {0} they are only flnitely many of them. We can 
do even more. In certain circumstances we can read off the linking forms from a 
simply-connected manifold directly. 

Proposition (See Propositions 17 . 5 . 61 on p |^ . Letp: B BO be a fibration with 
TTi{B) = 0. Let Mi be {2q-\-l)- dimensional manifolds with a (g — l)-smoothings in 
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B i.e. a lift of the stable normal bundle over p which is q-connected. Let f: OMq — > 
dMi be a diffeomorphism compatible with the smoothings. Let W be a cobordism of 
Mq Uf Ml with a compatible q-smoothing over B. As in Corollary \1.4-.5\ we define 
an obstruction 



':{W) = 



{Hq+l 
'29+2 



{W,Mo] 



p* 



l'^„-i-i (^) 



Hg+2{B,W) Hg+i{W,M,),e) 



which is induced by the topological 



Let l^j, be the linking form on Hq-^-i{B, Mi 
linking form of Mi . 

//coker7 = Hq+i{B, Mo) is finite then L^ = ^'mq- 
//coker/i = Hg+i{B, Mi) is finite then = ~I-m ■ 

Assume both cokernels are finite. If W is cobordant reld to an h-cobordism then 
there exist isomorphisms I: L'^ = —ifj^ L'' — e — ifj^^ and their asymmetric 
signatures a* {x{W),l) £ LAsy^{'L) will all vanish. 



Non-singular Formations. In general asymmetric signatures are not strong 
enough to show elementariness, therefore we look out for a stronger obstruction - 
quadratic signatures. 

Quadratic signatures turn out to be rather complicated objects so we will deal first 
with a special class of preformations for which they behave nicely. Let z — {F 

G -" 
ij) 

Xx (7,0,1) 



7 

1 special ciaas 01 preioriiiaiioiia lor wiiicii uiiey ueiiave iiiceiy. ijBl z — yr < 

^ F* ,0) be a non-singular e-quadratic split formation i.e. that means the map 
: G — > H^{F) is an inclusion of a lagrangian. Let (e,/, /'): {W,M,M') — > 




/ 


e 


-) 


X y.1 





r 



be a degree 1 normal cobordism (i.e. e and / and /' are normal maps and {X^dX) 
is a finite geometric Poincare pair) and f\ : dM — > dX is homotopy equivalence. 
Then the modified Kreck surgery obstruction of Corollary 11.4.51 fp l28|l is such a 
non-singular formation. 

By |E.an80a' Proposition 2.2, the map (^) : G — > H^{F) can be extended to an 
isomorphism of hyperbolic e-quadratic forms 



/ 



7 IJ- 



: H,{G) ^ H,{F) 
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For any r: G* — > G the maps 7' = ^ + ^{t~€t*), jl' = jl + ^.{T-eT*), 9' = 6+[t- 
eT*)*9[T ~ er*) + [lij — er*)* — er define another extension to an isomorphism 
of hyperbohc forms. Conversely any other extension has this form. 
For any flip-isomorphism i of a non-singular e-quadratic split formation z and a 
choice of extensions 7, /i, 9 we can define a quadratic signature /5*(z, i, 7, /i, 61) = 
G W2(A) given by 

(7*// 4- 7*q;j^Q!*7 — 7*Q!7 0\ 
£6** : M = G* ® G © i^* — > M* 

e(a*7-//) 0/ 

(see Definition l?mi on pEH). 

Theorem (See Theorem 16 . 2 . 21 on d I81|) . Let z' he a non-singular e-quadratic split 
formation, [z'] £ /29+2(A) is elementary if and only if there is a stably strongly 
isomorphic z — {F <^ G F*,9), a flip-isomorphism t and 7, fi and 9 such 
that 



vA^ M/ V7 M 

is an isomorphism of hyperbolic e-quadratic forms and p*(z,t,'y, fl,9) € L2g+2(A) 
vanishes. 

There is also a surprise about asymmetric signatures of non-singular formations: 
they are independent of the choice of fiip-isomorphisms. 

Theorem (See Theorem 16.3. II on p l83|l . Let z be a non-singular formation. Let t 
and t' be two flip-isomorphisms. Then a*(z,t) = a*{z,t') G LAsy'^{A). 

Quadratic Signatures for Arbitrary Preformations. The general defini- 
tion of a quadratic signature demands much more preparation and we will only 
sketch it here. Let z = (F ^ G ^ i^*, ^) be a regular e-quadratic split prefor- 
mation and let t = {a, (3, v) be a flip-isomorphism of z. z and t and a choice of 

representatives for v and 9, etc. define a self-equivalence (/it, Xt) '■ {G, V') (G, -0) 
of 2g-dimensional quadratic Poincare complexes (see (|3.2() on p l48(l . Assume there 

exists a homotopy (A, 77) : (1,0) ~ {ht,Xt)- {G,ip) (G, V') (see Definition 15.1.41 
on plt)8|) then t is called a flip-isomorphism rel9 (see Definition 15 . 2 . II on d I70|I . 
Those ingredients define a quadratic signature in L2g-i-2(A) which vanishes for a 
choice of A, rj, 9, etc. if and only if z is stably elementary. The construction is de- 
scribed in Section on p 1721 and the relation to elementariness in Theorem 15.4. II 
on pCHl 

The quadratic signature of z, t, A, etc. is mapped to the asymmetric signature 
(7*{z,t) via the map 

i2,+2(A) LAsy%A) 
(K,^) ^ (i^,Vo-e0o) 
(see Theorem 15.5.11 on d I76(I . Its kernel can be computed in terms of cobordism 
classes of automorphisms of quadratic Poincare complexes (see Remark 15.5.21 on 

pEZI). 

In the case of A = Z and e = — 1 i.e. q = 2m — 1 the map is an injection: 

Proposition (See CoroUarv 15.5.31 on pEHJ- Let q = 2m - 1 i.e. e = -1. Let 

z = {F G — ^ F*,9) be a regular skew- quadratic split preformation over Z 
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i) [z] g lim{'^) is elementary if and only if there is a flip-isomorphism reld 
t such that a*{z,t) = G LAsy°(Z). 

ii) The quadratic signature p*{z,t,h',9, k, A,ri) G L4,„(Z) only depends on z 
and t. 

0.4. The Contents 

Chapter [l] gives an introduction into the topology and algebra of traditional and 
modified surgery theories. We will define forms, preformations and elementariness. 
The next two chapters build up the foundation for the application of algebraic 
surgery theory to the study of preformations. In Chapter [2l we translate prefor- 
mations into quadratic complexes and pairs. We define algebraic versions of surgery 
and cobordism re\d and ft,-cobordisms for quadratic pairs. In Chapter |3l we de- 
fine the important concept of flip-isomorphisms and discuss how they fit into the 
algebraic chain models we constructed in the preceding chapter. 
The following chapters discuss asymmetric and quadratic signatures in all gener- 
ality. Chapter |4l presents the theory of asymmetric forms and complexes and 
how one can define asymmetric signatures for Poincare pairs that have an alge- 
braic twisted double as a boundary. These general constructions are applied to 
the Poincare pairs defined in Chapter |31 and produce the asymmetric signatures of 
flip-isomorphisms. Chapter [Sl deals with the definition of quadratic signatures for 
general preformations. 

We continue with the treatment of special classes of preformations. Chapter [S] 
covers the quadratic signatures for the easier case of non-singular formations. It 
also contains a proof for the fact their asymmetric signatures do not depend on 
the choice of flip-isomorphism. For preformations with linking forms the theory of 
asymmetric signatures becomes particularly elegant as will be seen in Chapter [7| 
The Appendix IaI contains a compilation of constructions and formulae from al- 
gebraic surgery theory. 



CHAPTER 1 



Preformations 



Section 11.11 presents the algebraic and geometric concepts behind Kreck's surgery 
theory and its relation to traditional surgery theories. In Section 11.21 we intro- 
duce the language of forms, formations and preformations - the building blocks 
of all our various surgery obstruction groups and monoids. Preformations are the 
objects that appear as obstructions in Kreck's surgery theory; its main theorem 
states that surgery succeeds in producing an s-cobordism if and only if that ob- 
struction preformation has a certain property: stable elementariness. Section 11.31 
will present a heuristic way from topology to a definition of an elementary preforma- 
tion. Then fSection ll.4ll various equivalent definitions and some simple properties 
of that important concept are given, e.g. simple invariants which are obstructions 
to elementariness using cokernels and kernels of 7, /i and 7*/i of a preformation 
{F ^ G F\e) (see Corollary [TX3|. 

An obstacle to transferring preformations into algebraic surgery world in the next 
chapters is the fact that the module G in a preformation {F ^ G F*,0) does 
not need to be free. By Corollary 11.4.61 any preformation can be replaced by a 
regular preformation (i.e. a preformation with free G). 

1.1. Forms, Preformations and Formations: the Geometry 

In this section we want to compare even- and odd-dimensional traditional surgery 
theory and Kreck's even-dimensional theory. We start with the traditional even- 
dimensional theory as developed by C.T.C. Wall and others. Let 

(e, /,/'): {W,M,M')^Xx{I, 0,1) 

be a (2q + 2)-dimensional degree 1 normal cobordism 



W 



f 


e 


-) 


X X I 
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with a finite {2q + 2)-diniensional geometric Poincare space"'^ X such that / and /' 
are homotopy equivalences. 

Our aim is to perform surgery on W reW such that the result is an s-cobordism. 
Then, by the s-cobordism theorem, M and M' are diffeoniorphic. Surgery theory 
works only in higher dimensions, hence we assume q > 2. 

After having made e highly-connected by surgery below the middle dimension, we 
can define a (— l)^+^-dimensional quadratic form {Kq-^-l{W), A, fi) with Kq^i{W) = 
Hq+2 (e) the homology of the induced map of the universal covers of W and X with 
local coefficients and A and v the intersection and self-intersection numbers on 
W. This form is zero in the Witt group L2q+2{'^['^i{X)]) of non-singular (— )''^^- 
quadratic forms over Z[7ri(X)] if and only if e: W — > X x I is cobordant rel9 
to a homotopy equivalence, i.e. if and only if we can do surgery on the inside of 
W to obtain an s-cobordism. A quadratic form vanishes in the L-group if (after 
addition of hyperbolic forms) it has a lagrangian (i.e. a free direct summand of 
half dimension on which the quadratic form vanishes). If there is a lagrangian for 
{Kq^i{W), A, /x) one simply kills its generators by surgery and the result will be an 
s-cobordism. 

Before introducing Kreck's even-dimensional approach we have a look at the tra- 
ditional odd-dimensional case. Let {X,dX) be a finite {2q + l)-dimensional 
geometric Poincare pair. Let TV and N' be two 2(7-dimensional manifolds such that 
dM = NUN' and let / : (M, dM) — > {X, dX) be a degree 1 normal map such that 
its restriction to the boundary dM — > dX is a homotopy equivalence. Surgery 
below the middle-dimension makes / — > X highly-connected. We are interested 
in the question whether N and N' are diffeomorphic, that is, whether /: M — > X 
is cobordant rel9 to a homotopy equivalence. One can construct an obstruction by 
looking at a so-called presentation of /. A presentation is a (2(7 -I- 2)-dimensional 
normal cobordism 

(e, /,/'): (M^,M,M')—>Xx (7,0,1) 

such that e is {q + l)-connected and / and /' is g-connected. Such presenta- 
tions exist for any such / with the above properties: one chooses a set of gen- 
erators {xi,...,Xk} of the kernel module Kq{M). Because we are below the 
middle dimension, the generators can be realized by disjoint framed embeddings 
gi : S'^ X V^^^ — > M . The trace W of the surgeries performed on them will be a 
presentation. 

There is a purely algebraic way to test whether there's any presentation that con- 
tains a homotopy equivalence /' : M' — > X on the other end (see also Ran02l 
Chapter 12.2): Let U be the union of all the images of all gi and Mq = M \ U. Such 
a decomposition is called a Heegaard splitting (see |Ran02 ' Definition 12.6). 
Then the self- intersection form on Kq{dU) = Kq{^kS'^ x S'^) is the hyperbolic form 
on Z[7ri(X)]2'=. Because dM = dU, the images of Kq+i{U, dU) and Kq+i{Mo, dU) 
in Kq (dU) are lagrangians. A non-singular quadratic form with a pair of lagrangians 
is called a non-singular (— )''-quadratic formation. It turns out that the for- 
mation {Kq{dU); Kq^i{U, dU), ifq+i(Mo, dU)) provides enough data to decide our 
surgery problem. 



A Poincare space (or pair) is a topological space (or a pair of spaces) for which there 
exists a Poincare (or Poincare-Lefschetz) duality. A Poincare space or pair is finite if it is a finite 
CVF-complex. All closed manifolds are finite Poincare spaces. 
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We can read off the same information from our presentation. We define 

F = Kq+i{W,M) = Kq+i{U,dU) 

G = Kg + l{W) ^ Kg + i{Mo,U) 

Let 7: G Ky+i{W) — > F ^ Kq+i{W,M) and ^: G = Kq+i{W) — > F* 
Kq+i{W,M')he the maps induced by the long exact sequences of {W,M) and 
{W, M') and Poincare-Lefschetz duahty. Then ( 2 ) is the inclusion of one lagrangian 
G and F is obviously another lagrangian of the hyperbolic form -ff(-)<! {F) = 
Kq{dU). Hence the obstruction formation can also be written as (F); F, G) = 

(F ^ G -^^ F*,0). 

Different choices of presentations for / : M — > X change the formations by a sta- 
ble isomorphism. A stable isomorphism class of formations is Wall's algebraic 
model for an odd-dimensional normal map. We will introduce this kind of isomor- 
phism in Definition ll.2.12l as a weak isomorphism, since we need to distinguish it 
from another kind of isomorphism which we will encounter in the discussion of the 
modified theory later. A presentation yields a homotopy equivalence /' : M — > X 
if and only if its obstruction is a boundary (see Definition ll.2.10|) . From this dis- 
cussion equivalence relations can be derived which are used to define the algebraic 
odd-dimensional surgery obstruction groups L2q+i{'Z,[TTi(X)]). z vanishes in that 
i-group if and only if / : M — > X is cobordant rel9 to a homotopy equivalence. 
In the 1980s Kreck generalized Wall's results. This memoir will only deal with his 
even-dimensional modified theory (compare 'Kre99 p. 724-732). Surprisingly, 
certain aspects of it resemble the traditional odd-dimensional theory we have just 
discussed. 

Kreck's theory starts off, not with normal maps, but the weaker notion of normal 
smoothings. Let p: B — > BO be a fibration. A normal _B-smoothing of a 
manifold is a factorization through B of the classifying map for its stable normal 
bundle. (Under certain connectivity assumptions the homotopy type of B actually 
depends only on M but we will not need this fact. See |Kre99j p. 711.) Assume 
that there is a {2q + 2)-dimcnsional cobordism (e, /, /') : (VF, Af, M') — > B of 
normal smoothings such that / and /' are g-equi valences. 

If _B is a finite geometric Poincare space and if p: B — > BO is its Spivak bundle, 
a normal _B-smoothing is nothing but a normal map. In addition, if / and /' are 
homotopy equivalences, the situation is exactly the one of Wall's even-dimensional 
case. The geometrical input of the modified case is considerably weaker than in 
Wall's original theory. There we started by comparing the complete homotopy and 
normal bundle information of M and M' whereas in the modified theory only "half" 
of that information is needed. 

Surgery below the middle dimension yields a, {q + l)-connected map e' : W — > B. 
Now we can read off the obstruction which is a tuple z ^ {F ^ G ^ F*,9) 
with G := ker(el: 7r,+i(VF') — > TTq+i{B)), 9: G — > g(„),(Z[7ri(B)]) the self- 
intersection form on W', F :— Hq{W' , M') and 7 and ^ are the compositions 
of the obvious maps in homology and the Hurewicz homomorphism. Note that 
+ (-)9+ir = 7>. Such a tuple (i^ ^ G F*,e) with (G,7>,^) a ±- 
quadratic form will be called a preformation. 

There is of course an ambiguity as there may be many ways to make e : W — > B 
highly-connected. But the resulting manifolds W will only differ by a couple of tori 
5''+^ X 5''+^ (see „Kre99| p. 729) and algebraically, the obstruction preformations 
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will differ only by hyperbolic elements 

1 ( (-)°+' o) 

{P®P*^P®P*^ — > -Pffi^**,(oo)) 

There is also a notion of isomorphism namely strong isomorphisms (see Defini- 
tion ll.2.TT|l . If {W, M, M') — > B is changed by a diffeomorphism compatible with 
the normal i?-smoothings. the obstructions will change by such a strong isomor- 
phism. The stable strong isomorphism classes (using hyperbolic preformations for 
stabilization) define the monoid l2q+2{^['^i{B)]). e: W — > X is cobordant rel9 
to an s-cobordism if and only if the class of the obstruction preformation in the 
Z-monoid is elementary. We will discuss elementariness later in Sections 11.31 and 

The modified theory appeals by its ability to digest much simpler geometrical input 
than the traditional case: 

i) The normal maps on M and M' are not necessarily homotopy equivalences 
but only q-equivalences. 

ii) The space B with which we compare our cobordism does not need to be 
a finite Poincare space. 

However, these generalizations come with a price tag: the difficult algebra. In fact, 
very little is known about the algebraic structure of those /-monoids compared to 
the extensive literature that exists about the L- groups. 

There is a striking similarity between the obstructions of the modified even-dimens- 
ional case and the traditional odd-dimensional case. In both cases one studies a co- 
bordism (e, /, /') : {W, M, M') — > X of highly-connected normal maps or smooth- 
ings such that Hi{W,M) = Hi{W,M') = for i q + 1. To a certain degree 
the discussion about formations can be extended to preformations. In both cases 
(1) (G, 0) — > Hi^_)q (F) defines a map from a zero form to a hyperbohc form. 
The situation in the even-dimensional modified theory is of course more general: 
X is not necessarily a finite Poincare complex, the maps involved don't need to be 
normal maps and dM — > X might not be a homotopy equivalence. Therefore the 
map ( ) is not always an inclusion of a lagrangian. 

There are more differences if one looks at the equivalence relations in the obstruction 
groups/monoids. In the modified even-dimensional case, the equivalence relations 
for the Z-monoids are very strict, because they seek to preserve all algebraic data 
of the whole cobordism (e, /,/'): {W,M,M') — > X. On the other hand, in the 
traditional odd-dimensional case that cobordism is just used to write down the 
obstruction data of /: M — > X. It is not important which cobordism is chosen 
if only it is highly-connected. The equivalence relations for L2g+i(A) are designed 
such that only the surgery-relevant information of / : A/ — > X is retained. 
Hence, philosophically, a preformation can be interpreted as an algebraic model for 
a cobordism (e, /, /') : {W, M, M') — > X or as a model for the map f : M — > X 
only. In the first case, one identifies preformations via strong isomorphisms (the 
ones used to define the /-monoids) in the second case one uses weak isomorphisms 
(the ones used to define the odd-dimensional L-groups) . We will come back to this 
issue when we introduce flip-isomorphisms in Chapter |3| 

In any case, the similarity of the objects in odd-dimensional L-theory and /-monoids 
enable us to use algebraic surgery theory to investigate /213(A). There are standard 
ways of translating quadratic and symmetric complexes into forms and formations 
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and vice versa. These procedures extend to (regular) preformations as we will see 
m Chapter El 

1.2. Forms, Preformations and Formations: the Algebra 

Weakly finite rings are a class of rings which the rank of any f.g. free module is 
well-defined. All the rings which we are interested in (like fields, principal ideal 
domains, group rings, etc.) have this property f jCohSO] pp. 143-4 and |]V[on69j V 

Definition and Lemma 1.2.1 ff |Coh89] p. 143)). A ring A is weakly finite if 

for any n G No and A-module /iT, A" = A" © implies K = 0. □ 

Let e = (—)''. (All constructions would equally work for e e A such that = e.) 
Let A be a weakly finite ring with 1 and an involution x i — > x (i.e. an anti- 
automorphism A A°P,x I — > X with A°P the opposite ring). All A- modules are 
left modules. 

Remark 1.2.2. In this section all surgery obstruction groups and monoids of the 
various surgery theories presented before are defined. Strictly speaking, if we want 
to decide whether or whether not a cobordism can be turned into an s-cobordism 
all the equivalence relations below must only use simple isomorphisms (i.e. iso- 
morphisms for which the torsion in the Whitehead group vanishes) . We will ignore 
this condition in this thesis, hence the results will only deal with ft,-cobordisms in- 
stead of s-cobordisms. A careful analysis of the proofs and constructions given in 
this thesis, will certainly lead to similar results for the simple /-monoids. 

Forms and Even-Dimensional L-Groups. 

Definition 1.2.3. i) Let M be a A-module. Using the canonical homo- 

morphism M — > M** we define the e-duality involution map 

T,: HomA(M,M*) — > HomA(A/,A/*) 

(f> I — ' (e0* ■ XI — > {y I — > e(j){y){x))) 

and the abelian groups 

Q'(M) = ker(l - T,) Qe{M) = coker(l - T,) 

Q^(A) = {& e K\h = eb} Q,{K) = A/{6 - eb\b e A} 

ii) An e-symmetric form (M, (f>) over A is a A-module M together with 
a £ Q'^{M). It is non-singular if </>: M — > M* is an isomorphism of 
A-modules. 

iii) A sublagrangian L of an e-symmctric form {M, cj)) is a direct sum- 
mand j L ^ M such that j*(pj = 0. Then the annihilator = 
ker(j*(/): M — > L*) contains L. L is a lagrangian if L = L^. A form 
that allows a lagrangian is called metabolic. 

iv) An e-quadratic form {M, A, ly) over A is an e-symmetric form (Af , A) 
together with a map i/: M — > Qe{A) such that for all x,y ^ M and a G A 

(a) i^{x + y ) - v {x) - v{y) = \{x, y) G (3e(A) 

(b) v{x) +ev{x) = \{x,x) G Q'(A) 

(c) v{ax) = av(x)a G Qe(A) 

V is called a quadratic refinement of the e-symmetric form (Af, A). It 
is non-singular if the underlying symmetric form is non-singular. 
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v) A sublagrangian L of an e-quadratic form (Af , A, v) is a direct summand 
j : L ^ M such that j*Xj = and I'j ~ 0. Then the annihilator of 
the underlying e-symmetric form (M, A) contains L. L is a lagrangian if 
L = L-^. A form which aUows a lagrangian is called metabolic. 

vi) A morphism /: (M, A) — > (Af',A') of e-symmetric forms is a map 
/ G HomA(M, M') such that f*X'f = A. It is an isomorphism if /: M 
— > M' is an isomorphism of A-modules. A morphism / : (M, A, /i) — > 
(A/', A',/i') of e-quadratic forms is a morphism /: (Af , A) — > (Af, A') 
of e-symmetric forms such that /x'/ = /i. It is an isomorphism if 
/ : M — > M' is an isomorphism of A-modules. □ 

Remark 1.2.4. For a f.g. projective A-module M there is no difference between 
the definition of e-quadratic forms and the following alternative (see e.g. jRanSOa) 
p.llTff): 

An e-quadratic form (Af, V') over A is a tuple consisting of a f.g. projective 
A-module A/ together with an element ip G Qe{M). It is non-singular if (1 + 
T^)ip: M — > M* is an isomorphism of A-modules. 

A sublagrangian L of an e-quadratic form (Af, tp) is a direct summand j : L ^ M 
such that = G Q^{L). Then the annihilator 

= kcr + M — > L*) 

contains L. L is a lagrangian \i L = . A form which allows a lagrangian is 
called metabolic. 

A morphism /; (Af, V') — > {M' is a map / G HomA(Af, Af) such that 
f*4'' f = "0 G Qe{M). It is an isomorphism if /: A/ — > Af' is an isomorphism of 
A-modules. 

An e-quadratic form (Af, tp G Qe{M)) defines an e-quadratic form (Af, (1 -f T^)?/;, v) 
with v{x) = ip{x){x). Conversely any e-quadratic form (Af , A, z^) gives rise to an 
e-quadratic form (Af , V' G Qe(Af)) (see |R.an02j Proposition 11.9). 

If ^ G A then quadratic and symmetric forms are the same. A^Iore generally: 

Proposition 1.2.5. Assume there is a central s G A such that s + s — 1. Then there 
is a one-to-one correspondence between e-quadratic and e-symmetric forms over f.g. 
free (or projective) A-modules given by {G,9 G QeiG)) i — > (G, (1 + Tf^)9 G Q^iG)). 
Its inverse is (G, A G Q'{G)) i — > (G, [sA] G Q,(G)). 

It can be shown f IRanSOa) Proposition 2.2) that any metabolic form is isometric 
to a hyperbolic form. 

Definition 1.2.6. For any (— e)-symmetric form {L*,<j)) over a f.g. free A-module 
L we define the non-singular hyperbolic e-symmetric form 

H'{L,(I))^ (^L®L*,(^^ ^^£Q,{L®L*) 

We abbreviate H'{L) = if^(i,0). 

For any f.g. free A-module L we define the non-singular quadratic hyperbolic 
e-quadratic form 



□ 
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Definition and Lemma 1.2.7. The even-dimensional quadratic L-group 

L2q{A) is the set of equivalence class of all non-singular e-quadratic forms on f.g. 
free modules over A where two forms are equivalent if they are isometric up to the 
addition of metabolic (i.e. hyperbolic) forms. It is also called the Witt-group of 
quadratic forms. 

Similarly we can define the even-dimensional symmetric L-group L^^(A). 

□ 

Preformations and Even-Dimensional /-Monoids. The building blocks 
of the even-dimensional /-monoids are preformations. A special case are for- 
mations which help to define the odd-dimensional L- groups (see below). We also 
introduce the notion of regular preformations. They are preformations where 
all modules involved are f.g. free. Only they can be fed into the algebraic surgery 
machine which we will present in later chapters. CoroUarv 11.4.61 shows that the 
restriction to regular preformations is not a serious limitation of the scope of our 
theory. 

Definition 1.2.8. i) An e-quadratic preformation {F G F*) 

is a tuple consisting of a free f.g. A-module F, a f.g. A-module G and 
(2) e HomA(G,F © F*) such that (G,7*/^) is a (— e)-symmetric form. 

An e-quadratic split preformation {F G F* ,0) is an e- 
quadratic preformation {F G F*) and a map 0: G ^ Q-^(A) 
such that {G,j*iJ,9) is a (— e)-quadratic form, 
ii) An e-quadratic preformation (F G F*) is called regular if G is 
free. An e-quadratic split preformation {F G F*,9) is regular if 
G is a free. In that case we interpret 9 £ Q-e{G) as in R,emark ll.2.4l 

An e-quadratic split preformation (F G F* , 9) is called an e- 
quadratic split formation if ( ^ ) G is a sublagrangian of the e-quadratic 
hyperbolic form He{F). It is called non-singular if the sublagrangian is 
indeed a lagrangian. Similar for the non-split case. □ 

Remark 1.2.9. In Andrew Ranicki's work the notation for e-quadratic formations 
(F ^ G ^ F*) is {H^{F),F,G) and for e-quadratic split formations (F ^ 
G^F*,9) it is {F,{{l),9)G). 

In an obvious way all symmetric and quadratic forms are non-singular formations: 

Definition 1.2.10. i) Let {K, A) be a (— e)-symmetric form on a free f.g. A- 

module K. Then the boundary of {K, A) is the non-singular e-quadratic 

formation d{K, X) = {K <^ K ^ K*). 

ii) Let {K, 9) be a (— e)-quadratic form on a free f.g. A-module K. Then 
the boundary of (A', 9) is the non-singular e-quadratic split formation 

diK, 9) = {K ^ K K*,9). 

iii) A trivial formation is a non-singular e-quadratic split formation of the 

form {P, P*) = {P ^ P P*,0) with P a free f.g. A-module. Similar 
for the non-split case. □ 

Now we define strong isomorphisms and stable strong isomorphism for preforma- 
tions. 
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Definition 1.2.11. i) The sum of two e-quadratic split preformations 

X ^ {F ^ G ^ F*,d) and x' = [F' X G' ^ F'\e') is the 

e-quadratic spht preformations x + x' :~ 
{F © F')*,9 ® 9'). Similar for the non-split case, 
ii) A strong isomorphism of two e-quadratic split preformations 

(F ^ G ^ F*,d) and {F' X G' ^ F'*,9') is a tuple (a,/3) of 
isomorphisms a G HomA(F, F') and /3 G HomA(G, G') such that 

(1.1) F^^G—^F* 







/3 




1 









F' G' ^ F'* 

commutes and 9 = ^'/3. 

iii) Two e-quadratic split preformations x and x' are stably strongly iso- 
morphic if there are boundaries of hyperbolic forms h and h! such that 
there is a strong isomorphism between x -\- h and x' + h' . Similar for the 
non-split case. 

iv) The Z-monoid Z2g-i-2 (^) '^'^ set of stably strongly isomorphism classes 
of e-quadratic split preformations. The "simple" version of this monoid is 
Kreck's original Z-monoid. 

The Z-monoid Z2g+2(A) is the set of stably strongly isomorphism 
classes of regular e-quadratic split preformations. 

The Z-monoid /'^"^^^(A) is the set of stably strongly isomorphism 
classes of e-quadratic preformations. 

The Z-monoid Z^'"'"^(A) is the set of stably strongly isomorphism 
classes of regular e-quadratic preformations. 

All Z-monoids are abelian monoids with zero. □ 

Formations and Odd-Dimensional L-Groups. In Section lTTl we explained 
that odd-dimensional traditional surgery theory and the modified even-dimensional 
case use similar obstructions but that the equivalence relations used in the construc- 
tion of the obstruction groups/monoids are very different. In both cases the ob- 
struction associated to a {2q -I- 2)-dimensional cobordism (e, /, /') : iyV^ M, M') — > 
X X (/, 0, 1) of normal maps/smoothings with / and /' and e highly-connected is 
some e-quadratic split preformation (F G F* ,9) with F — i7g+i(iy, Af) 
and (G, 7*/i, 0) containing the self-intersection form on some homology or homotopy 
group related to e. 

In Kreck's surgery theory this cobordism is the very surgery problem in question. 
The equivalence relations (strong isomorphism, stabilization with boundaries of 
hyperbolic forms) are very rigid and preserve the important data of the whole 
cobordism. 

In contrast, traditional odd-dimensional surgery theory uses the cobordism 

(e, /,/'): (M^,Af,M')^ Ax (7,0,1) 

just as a prop to define an obstruction to the odd-dimensional surgery problem 
given by / : M — > X . Hence the equivalence relations we present below are much 
more flexible - they need to filter out ambiguities which arise by the choice of a 
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different presentation i.e. another {2q + 2)-dimcnsional normal cobordism 

(e, /,/'): {W,M,M')^XxiI,0,l) 
with e and /' highly-connected. 

This leads to the unfortunate situation that there exist two notions of (stable) 
isomorphisms for preformations. Stable strong isomorphism classes of preforma- 
tions are algebraic models for diffeomorphism classes of (2(7-1- 2)-dimensional cobor- 
disms (e,/, /'): {W, M, M') — > X x (7,0,1) whereas stable weak isomorphism 
classes are models for diffeomorphism classes of {2q + l)-dimensional normal maps 
/: Af — > X. Weak isomorphisms will reappear in Chapter O which deals with 
flip-isomorphisms. 

We also have to be careful about stabilization. In the Z-monoids we stabilize with 
"hyperbolics" (i.e. boundaries of hyperbolics) and in L-theory we use trivial pre- 
formations. 

Definition 1.2.12. i) A (vireak) isomorphism {a, /?, a) of two regular e- 

quadratic preformations (F ^ G F*) and (F' ^ G' F'*) 
is a triple consisting of an isomorphism a G HomA(-F', F'), an isomorphism 
(3 e HomA(G, G') and a e Q-^iF*) such that 

(a) + aa^i = j'f3 £ HomA(G, F') 

(b) a-*fi^ fi'P eilomA{G,F'*). 

ii) A (weak) isomorphism (a, f3, v) of two regular e-quadratic split 

preformations {F ^ G F*,d) and (F' ^ G' ^ F'*,d') is 
a triple consisting of an isomorphism a G Hoia^^F, F'), an isomorphism 
P e HomA(G, G") and ly E Q^^{F*) such that 

(a) a-f + a[v - ev*)* ^x = 7'/? e HomA(G, F') 

(b) = Ai'^ e HomA(G,F'*) 

(c) e + mV// = (3*9' (3 G Q_e(G) 

iii) A stable weak isomorphism of two regular e-quadratic split pre- 
formations z and z' is a weak isomorphism z + t = z' + t' iox trivial 
formations t, t' . □ 

An odd-dimensional normal map is cobordant to a homotopy-equivalence if and 
only if its obstruction (pre-)formation is stably isomorphic to a boundary. It can 
be shown that for any form there is another cobordant odd-dimensional map whose 
obstruction preformation differs from the original one by the boundary of a form 
(see |Ran02| Proposition 12.13, Theorem 12.29). This motivates the definition of 
the odd-dimensional surgery obstruction groups. 

Definition and Lemma 1.2.13 f |Ran02| Definition 12.23, Proposition 12.33). We 
call two non-singular e-quadratic (split) formations z and z' equivalent if there is a 
stable weak isomorphism between z -f 6 and z' -f h' for some boundaries h and h' . In 
both cases (split and not-split) the equivalence classes form the odd-dimensional 
L-groups L2g+i(A). □ 

Remark 1.2.14. There are also odd-dimensional symmetric L-groups which are 
defined as the Witt-group of e-symmetric formations (see |Ran80a| Chapter 
5). 

Remark 1.2.15. i) Any strong isomorphism between regular preformations 

is also a weak isomorphism. 
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ii) Let z = (F ^ G F*,0) and z' = (F' ^ G" ^ F'*,9') be regular 
e-quadratic split preformations and t = (a, z — > z' a weak isomor- 
phism. Then (a, /3, (z^— ei/*)*) is a weak isomorphism of the underlying reg- 
ular e-quadratic preformation (F ^ G ^ F*) and (F' ^ G" ^ F'*). 

iii) If z is a formation, weak isomorphisms arc nothing but isomorphisms of 
quadratic (split) formations as defined in RanSOa p. 122 and p. 128. For 
example, an isomorphism (a, /3, a) of e-quadratic formations z ^ {F 

G F*) and z' = (F' G' F') is an isomorphism of e-quadratic 
hyperbolic forms 

(o ^^?j:H%F)^H^{F') 

which maps the (sub-)lagrangians F and G onto F' and G' respectively. 

iv) Despite the different ways of stabilizing, every stable strong isomorphism 
is also a stable weak isomorphism. That's because there is a weak isomor- 
phism between an even-dimensional trivial formation and a boundary of 
hyperbolic forms: 

(^'(-e o)'(e o)) :5^e(P)^(P©P*,(P®P*r) 

The converse is not true: Let Q be a free A-module of rank 1. Let 
y = iQiQ*) and z — dH^^{Q). By the above, both preformations are 
stably weakly isomorphic, but for rank reasons they cannot be stably 
strongly isomorphic. 



1.3. Elementariness: the Geometry 

We haven't quite explained yet how the obstruction preformation in Kreck's surgery 
theory can tell us whether surgery is able to turn our cobordism into an ft,-cobordism. 
Again let g > 2. In the case of the traditional even-dimensional case we 
only have to check that the obstruction {Kq+i{W),\, ^i) of a highly-connected 
(2g -I- 2)-dimensional normal cobordism {W,M,M') — > X x (7,0,1) is zero in 
the Witt-group L2g+2(Z[7ri (X)]). Then we know that there is a lagrangian L of 
Kq^i{W) © {K). The stable lagrangian F is a recipe for successful surgery: 

we perform rkFT trivial surgeries on W (with the result VF##rk if •S'''''"^ x 5''^+^) and 
then kill a basis of L via surgery. The result will be an /i-cobordism. 
In the modified case the criteria for success or failure are more complicated. The 
starting point of Kreck's modified surgery theory is the situation we described 
on dI16F: Let p: B ^ BO be a fibration. Let Mq and Mi be (2q + l)-dimensional 

manifolds with {q— l)-smoothings / and /' in B. Let /: OMq dMi be a diffeo- 
morphism compatible with the smoothings. There is a normal smooth cobordism 
i.e. 
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/' 




(e, /,/'): (M^,Mo,Mi) 



B 



Surgery below the middle dimension on W is possible and yields a q-smoothing 
e': W — > B. Then we can define a (— )''+^-quadratic split preformation. 

Definition 1.3.1. 

y{W) = {F ^ H ^ F*,ij) 

is the Kreck surgery obstruction of W. □ 

It turns out that killing low-dimensional homotopy classes by surgery in a different 
manner will not change the class y{W) S ^2g+2(^)- The obstruction contains all the 
data to find out whether W can be made an ft,-cobordism due to the main theorem: 



Theorem 1.3.2 ( |Kre99j Theorem 3 and Remark p.730ff). W is B-cobordant reld 
to an h-cobordism if and only if y{W) G l2q+2i-^) elementary. 

Before we give a strict definition of elementariness (see the next section), a 
heuristical argument provides some geometric motivation for this new concept. 
We will later show ('Corollarv ll.4.5|l that in Definition ll.3.1l imfd: 7Tq^2{B, W) — > 
'7Tq+i{W'j) can be replaced by Hq^2{B, W). Without loss of generality we assume 
that W — > -B is {q+ l)-connected and W = W. 

From the long exact sequences for {B,W, Mi) we learn that Hj(W,Mi) — for 
j < q, i — 0,1 and that there is an exact sequence 







Hg+2{B,M,) Hg+2{B,W) ^ Hg+i{W,M,) Hg+l{B,M^) 







and that the canonical maps Mi) — > Hj{B,W) are isomorphisms for > q- 

3. Then a (possibly non-free) chain complex model of the cobordism (W, Mq, Mi) - 
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B looks like 



o\ o| o| 

Cj{B, Mo) = H,{B, Mo) ^ C,{B, W) = H,{B, W) ^ C,{B, Mi) = H,{B, Mi) 



»1 



Cq+2{B,Mo)^G- 
C,+i{B,Mo) = F 



1 

C^+2{B,W)^G' 



-C,+2(S,Mi) =G 

4 

C,+i(B,Mi) =F* 



Assume it is possible to do simultaneous surgery on W killing some homology classes 
xi, . . . ,Xk G Hq+iiW) without changing the boundary. Assume further that they 
are the basis of a f.g. free submodule j : U = {xi, . . . ,Xk) ^ Hq+i{W). A chain 
complex model for the resulting cobordism {V, Mo, Mi) — > B is 



Cg + 3{B,V)^U 



Cg+2{B, Mo) = G Cq+2{B, V)^G Cg+2{B, M,) ^ G 



Cq+iiB, Mo) = F Cg+i{B, V) = U* 



C,+iiB,Mi)^F* 



(compare with the proof of Theorem 12. 3. 2|l . We observe that the relative middle- 
dimensional homology groups of the new cobordism are 



Hg+,iV,Mo) 
H,+i{V,Mi) 



im(j*7*) 
ker(^j) 

im(j>*) 
ker(7j) 



Using Poincare-Lefschetz duality this means that {V, Mo, Mi) is an ft,-cobordism if 
and only if these homologies vanish or, equivalently, the mapping cones of either 
map CiB, M,) — > C{B, V) (that is 











and its dual) are exact sequences. This is in fact one way of defining that {F 
G F*) is elementary (see ProDOsitionll.4.^ii)|). 
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1.4. Elementariness: the Algebra 



First we will repeat the original definition of an elementary preformation before we 
present alternative ways of looking at this concept. 

Definition 1.4.1 ( |Kre99j p.730). An e-quadratic split preformation (F 

G F*,9) is elementary (in respect to U) if there is a f.g. free submod- 

ule j : U ^ G with 

i) J*7>i = and Oj = 0, 

ii) 7j and fij are injective and their images Uq and Ui are direct summands 
in F and F* respectively, 

iii) i?i ~ F* /Ui Uq, f I-+ f\Uo is an isomorphism. 
Such an U is called an /i-lagrangian of the preformation. 

An element in ^2q+2(^) elementary if it has an elementary representative. All 
elementary elements form a submonoid ^'2q+2(^) of ^29+2 (■'^)- 

An e-quadratic split preformation z — {F G F*, 9) is stably elementary 

if [z] E ^2g+2(^) is elementary. 

Similar for non-split and regular preformations. □ 

Proposition 1.4.2. Let {F G F*,9) be an e-quadratic split preformation. 
Then the following statements are equivalent: 

i) The preformation is elementary in respect to U . 

ii) There is a f.g. free suhmodule j : U ^ G such that 

^ U ^ F* —-f U* ^ 



(7i)' 



is an exact sequence and 9\U = 0. 
iii) There is a f.g. free suhmodule j : U 
chain maps 



G such that the two horizontal 




J 7 



are chain equivalences (i.e. this is a "chain complex model of an h-cobord- 
ism") and 9\U = 0. 
iv) The preformation is strongly isomorphic to a preformation of the form 



/I o\ 

{U ® U* U®R 



' -aa^ 
.1 T J 



U*®U,9) 

for some maps a: R — > U* and t: R — > U such that T*a 
a quadratic refinement 9' : R — > Q_e(A) of a*T such that 

9:U®R — > Q-e{I^) 

{u,r) I — > 9\r) - ea{r){u) 

Similar for the non-split case. 
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Proof. The first two assertions are obviously equivalent. One observes that 

^ U ^ F* ——r U* ^ 

w (7i) 



and its dual are the mapping cones of the chain maps in iii) So iii) is equivalent 
to 



ii) 



Finally, we concentrate on iv) Every preformation of the form described in there 
is elementary in respect to U. On the other hand let {F G F*) be an 
elementary e-quadratic preformation. It is easy to show that G — U (B R with 
R — ker(7r7). 

Let Ri C F* be some complement oi Ui ~ IJ-{U). We write 
7=P ^A:U®R — ^ Uo®Ro 

V73 74 / 

/ = (^''] ^'A:U(BR Ui® Ri 

/ ^ {f\UoJ\Ro) 
U®R — > U^®Rl 



A^i A^2 
A^s Ai4 



$/i'(a;) 



By assumption, 71 and ^'i are isomorphisms and 73 and ^'^ are vanishing. We 
can apply the strong isomorphism {lp,{'^f^ io achieve the simpler situation of 

We compute 7*/i — ( * ) and see that $1 — 0. The last criterion of elementari- 
ness implies that $2 is an isomorphism and therefore $3 is bijective as well. We 
use these facts to see that 



$2Ai4 \ ^(^ ^2 

^SfJ-'l $3M2+*4M4/ U3 fJ-i 



Hence fj.^ is an isomorphism. Because 7*/i — (^^^fj-s 74 /j4 ) (— e)-symmetric, /i2 = 

—6/^374. We apply the strong isomorphism (^o^"*^ 7 1g) and get a preformation 
with the properties we want. 

In the case of quadratic split preformation, the same steps as before yield a strong 
isomorphism between an e-quadratic split preformation {F G — ^ F* , 0) and 

{u © u* u®R^'^^' u* ®u,e) 

Then define 9' = e\R. □ 

The proposition allows us to derive some quite simple obstructions for elementari- 
ness. 

Corollary 1.4.3. Let z — (F G F*) be a regular e-quadratic preforma- 
tion. 

i) The isomorphism classes of kernels and cokernels ofj, n, {Ji), 7*/i as 
well OS rkG - rkF e Z and y\lF e Z/2Z are invariants of [z] G f'^+'^{K). 
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ii) // [z] G P'^^'^{A) is elementary then ker7 = ker/i, cokcr7 ^ coker/i, 
ker7*/i = ker7 © ker7*, coker7*/i = coker7 © coker7* and rki^ is even 
Similar for the split and non-regular case. 

Finally we present a little lemma about elementariness which has two interesting 
applications. 

Lemma 1.4.4. Let x = {F ^ G F*,e) and y ^ [F ^ H ^ F*,^)) he two 
e-quadratic split preformations and n: G ^ H a surjective homomorphism such 
that 

(1.2) F^^G— ^F* 




H 



commutes and 9 — Tpn. Then x is (stably) elementary if and only if y is (stably) 
elementary. Similar for the non-split case. 

As a first application we can slightly improve the elegance of the obstruction in 
Definition [TTTI 

Corollary 1.4.5. In the situation of Definition \l.^~l\ and Theorem \l.S.Sl we can 

define an alternative {~Y -quadratic split preformation 

x{W) = {F ^ G F*,9) 

= {Hg+i{W',MQ) ^ H,+2{B,W') ^ Hg+i{W',Mi),e) 
G /i,+2(Z[^i(X)]) 

with 9 being induced by the self-intersection form on W and maps 7 and fj, from 
the long exact sequence of the triads {B,W, Mi). 

Then W is B-cobordant to an h-cobordism if and only if x{W) G '29+2(^1^1 (^)]) 
is elementary. 

The long exact sequences of (B, W, Mi) yields 

ker 7 = Hg+2 {B, Mq) coker 7 = H^+i {B, Mo) 

keTfi = Hg+2{B, Ml) coker /X = Hq+i{B, Mi) 

(Compare with Corollary \H.S^ 

The second application is a more theoretical: the decision whether a preformation is 
elementary can always be replaced by checking that a related regular preformation 
is elementary 

Corollary 1.4.6. Let x = {F H F*,^p) be an e-quadratic split prefor- 
mation and let G be a free f.g. module with an epimorphism tt: G H. Then 
there is an e-quadratic split preformation y — (F G — ^ F*,9) which makes 
the diaaram \l.S\ commute, x is regular and it is elementary if and only if y is. 



CHAPTER 2 



Translating Kreck's Surgery into Algebraic 
Surgery Theory 

For the whole chapter let q > 2, e — (— and let A be a weakly finite ring 
with 1 and involution. 

The asymmetric and quadratic signatures which will be defined in the next chapters 
are obstructions to the elementariness of a preformation. Constructions and proofs 
will use results from the vast theory of algebraic surgery. 

This section will provide the first step in the programme by translating preforma- 
tions into the language of algebraic surgery theory: quadratic Poincare pairs and 
complexes (see Section I2.1f) . 

Preformations arise as obstructions when we ask whether a cobordism {W, M, M') 
B of normal smoothings is cobordant veld to an /i-cobordism. As there is no re- 
alization result for preformations, we cannot be sure whether they all arise from a 
surgery problem. The constructions in Section l2.1l can be thought of as an "alge- 
braic realization result" : any preformation appears as an "obstruction" of a certain 
Poincare pair to be cobordant rel9 to an algebraic /i-cobordism. However, we will 
not try to develop a general /-obstruction theory for Poincare pairs simply because 
we do not need it. It suffices to create a quadratic chain complex model for a 
preformation and to apply algebraic surgery theory to it. 

Algebraic equivalents of concepts like cobordisms rel9 and surgery inside a manifold 
will be needed to model Kreck's surgery theory. Section 12. 2l deals with this rather 
technical issue and confirms our expectations, namely that those notions exist and 
that they behave similarly to their geometric equivalents (e.g. that two Poincare 
pairs are cobordant if and only if one is the result of a surgery of the other). 
In Section 12.31 we prove some kind of algebraic equivalent of Theorem 11.3.21 
the Poincare pair constructed in Section 12.11 is cobordant rel9 to an algebraic h- 
cobordism if and only if the preformation is (stably) elementary. This theorem is the 
key to the application of algebraic surgery theory to the analysis of preformations. 



2.1. From Preformations to Quadratic Pairs 

If we want to use the tools of algebraic surgery theory, we will need to translate 
preformations into the language of quadratic chain complexes and pairs. Readers 
can brush up their knowledge of algebraic surgery theory by reading |Ran80a| or 
the appendix (Chapter ^ p. 1^ . 

The translation is easier for non-singular formations. They can always be realized 
^ |Ran02] Proposition 12.17) as an obstruction of a presentation i.e. a (2q -f- 2)- 
dimensional cobordism of degree 1 normal maps 
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{k, I, I') : {W, M, M') — > X X (/, 0, 1) 

into a finite geometric Poincare pair {X^dX) such that I and V are g-connected, k 
is (g + l)-connected and / [ : dM — > dX is a homotopy equivalence. We note that a 
presentation is a special case of a Kreck surgery situation but also a way to find the 
L-obstruction of the odd-dimensional normal map I : (M, dM) — > {X, dX) (see 
also Section n~T)) . In both cases (see Corollary 1 1 . 4 . 51 and Ran02 Chapter 12) the 
obstruction is the non-singular e-quadratic split formation {F G F* , 9) 
with F = Kq+i{W,M), G = Kg+i{W), etc. It is elementary in ?2?+2(Z[7ri(X)]) if 
and only ii k: W — > X x / is cobordant rel9 to an ft,-cobordism and it vanishes 
in L2q+i{'Z[TTi{X)]) if and only if /: {M,dM) — > {X,dX) is cobordant rel9 to a 
homotopy equivalence i.e. an /i-cobordism (see also Section ll. 111 . 
Algebraic surgery theory presents an alternative surgery obstruction for the normal 
map I : {M, dM) — > {X, dX): the quadratic kernel {D, ly) of I. It is a (2g + 1)- 
dimensional quadratic Poincare complex over Z[tti{X)] where D = e(r) is the 
mapping cone of the so-called Umkehr chain map 



1-: G{X) ^ C(X,ax)2'^^ 



C(M, aAf 



C{M) 



with X and M the universal covers. The homology modules of D are the kernel 
modules if*(M). The quadratic structure £ W%(D)2g+i is a family of maps 
i^s G Ilom{D'^'^~^^~^~'^ , Dr) which generalizes the self-intersection number. It con- 
tains a chain equivalence (1 + T)i/o : £)2<;+i-* ]j inducing the Poincare duality 
K'^i+^-*{M) ^ K^M). (For the details of the construction see |Ran80b| Chap- 
ter 1 and 4.) 

The algebraic surgery approach has two main advantages to the traditional obstruc- 
tion theory: 

i) it works for normal maps I: {M,dM) — > {X,dX) which are not highly- 
connected, 

ii) it provides a uniform obstruction theory for the odd- and even-dimensional 
case. 
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There are notions of algebraic surgery and cobordism for Poincare complexes. In 
the case of quadratic kernels they correspond to geometric surgery and normal 
cobordism of the normal maps for which they were defined. The set of cobordism 
classes of n-dimensional quadratic Poincare complexes over a ring A with involution 
are isomorphic to Wall's L„(A). The instant surgery obstruction provides an easy 
formula to distill the traditional surgery obstruction form or formation out of a 
quadratic kernel. (See [RanSQa Chapter 4 and [R.anSObj Chapter 7 for details.) 
The quadratic kernel construction can be generalized to (odd- or even-dimensional) 
normal maps which are not a homotopy equivalence on the boundary (nor on the 
whole manifold). The result will be a quadratic Poincare pair of the same 
dimension. Assume for example that dl = l\: dM — > dX is no longer necessarily 
a homotopy equivalence. Then there is chain homotopy commutative diagram 

C{dX) — - C{X) 

dl' l' 

CidM) — - C(M) 

with ix and iu the inclusions of the boundary of W and X. It induces a map of 
the mapping cones 

f = ir.c = e{di-)-^D = eii') 

The quadratic kernel of I is the {2q + l)-dimensional quadratic Poincare pair c = 
(/: C — > D, {6ip,ip) G W%{f)2q+i)- The quadratic structure contains again self- 
intersection information and the maps 

induce the Poincare-Lefschetz duahty maps K^'>+'^-* {M, DM) ^ K^M). Its 
boundary (C, ip) is a 2g-dimensional quadratic Poincare complex and it is by con- 
struction the quadratic kernel of the normal map l\: dM — > dX. (See also 
|Ran80b| Proposition 6.5.) 

By Proposition IA.2.81 there is a one-to-one correspondence between homotopy 
classes of quadratic Poincare pairs and quadratic complexes (the latter are not 
necessarily Poincare). It is induced by the Thorn construction which assigns 
to every quadratic Poincare pair c — {f : C — > D, [Sipjip)) a quadratic complex 
{N = C(/), C — of the same dimension. The homology of N are the relative 

kernel modules K^{M,dM). The chain map (1 + T)Co: TV^^+i-* ^ N induces 
the maps 

If l\: dM dX is a homotopy equivalence as in the beginning, then C ~ 0, 
{N, C) — {D, 1^) and the Poincare pair c is homotopy equivalent to (0 — > D, (0, i^j). 
In the same fashion we can translate the (2(7-|-2)-dimensional normal map k : {W, dW) 
— > {X X I,X Udx AT) into a (2g -I- 2)-dimensional quadratic Poincare pair x = 
{g: dE — > E, {Soj.uj)). The boundary dW is the union of M and M' glued to- 
gether along their common boundary. Similarly, the quadratic kernel {dE^ uj) of 
the normal map k\dW is the algebraic union of the quadratic kernels of I and V in 
the sense of Definition IA.3.11 
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Maps/diffeomorphisms of manifolds that are compatible with normal maps on 
them give rise to morphisms/isomorphisms between the quadratic kernels (like e.g. 
dM dM'). 

All in all, the constructions above yield a translation of normal maps (on manifolds) 
to quadratic complexes as the table below illustrates: 



Topology 


Algebraic surgery theory 


dM 


2g-dim. quad. Poincare complex (C, "0) 


dM M 


(2g + l)-dini. quad. Poincare pair (/: C — > D. (Sip, V')) 


M/dM 


{2q + l)-dim. quad, complex {N ^ £(/),() 


dM' 


2(j'-dim. quad Poincare complex (C, 


dM' ^ M' 


(2g+ l)-dim. quad. Poincare pair (/': C — > D' , ((5?A',-0')) 


M'/dM' 


(2g+ l)-dim. quad, complex (A^' = £(/'), C') 


dM ^ dM' 


equivalence {h,x)- {C,^)) (C,^/) 


M \Jqm M' 


(2(7+l)-dim. quad. Poincare complex ((?i?, w) 


M UaAf M' '^W 


(2(7 + 2)-dim. quad. Poincare pair {g: dE — > {5lo,lo)) 



Unfortunately, a generalization of this procedure to all preformations will not work 
for two simple reasons: firstly, there is no generalization of quadratic kernels to 
normal smoothings, secondly, there is no geometric realization result known for 
general preformations. 

There is however a purely algebraic translation method which enables us to con- 
struct the quadratic pairs and complexes by just using the data given by the for- 
mation. It turns out that this method extends without a problem to e-quadratic 
(split) preformations as long as they are regular i.e. all modules in it are f.g. free. 
One has to be cautious. For arbitrary preformations and arbitrary Kreck surgery 
problems the relationship between geometry and algebra is not as straightforward 
as for presentations. It can happen e.g. that there is a non-contractible algebraic 
boundary (C, ip) although M is closed. Nevertheless the philosophy remains the 
same. We can think of the complexes and pairs as vague algebraic models of the 
manifolds or normal smoothings as in the table above - but only to boost our 
intuition! If we want to prove statements about those quadratic complexes and 
pairs we will not be able to use geometry but we have to resort to the methods of 
algebraic surgery theory alone. 

One example for this strategy is Theorem 12.3.21 It states that a preformation 
is (stably) elementary if and only if the quadratic Poincare pair x associated to 
it is cobordant rel9 to an algebraic /i-cobordisni. It is an almost word by word 
translation of the proof of Kreck's Theorem 11.3.21 Nevertheless, it is not an au- 
tomatic consequence because there is no mathematically rigid connection between 
the algebraic model x and the original (geometric) Kreck surgery problem. 
By jRanOl] Proposition 9.4 there is a one-to-one correspondence between certain 
equivalence classes of non-singular formations and short odd complexes. A sim- 
ilar result can be found in |Ran80a| Proposition 2.3 and 2.5. We will not need 
those theorems or a generalization in detail. We just use it as a motivation for 
translating a regular e-quadratic split preformation {F <^ G F* , 9) into a 
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connected {2q + l)-dimensional quadratic chain complex {N^ Q 

(2.1) dN = fi* : Ng+, = F ^ N, = G* 

Co = N" = G ^ Ng+i=F 
= e0:m = G — >Ng=G* 

with 9 a representative of ^ £ Q-e{G). Obviously {N, depends on the choice of 
0. We will deal with this issue the end of this section (see Remark [2. 
An obstruction preformation is an algebraic model for a {2q + 2)-dimensional co- 
bordism {W, M, M') — > X of highly-connected normal smoothings. But the 
results from algebraic surgery theory that we are using were proven with odd- 
dimensional traditional surgery theory in mind. As explained in Section 11.11 in 
that context an obstruction formation for a (2g -f 2)-dimensional normal cobordism 
(W, M, M') — > X \s thought of as an obstruction for M — > X only. Hence {N, Q 
is a quadratic complex model for the normal map (Af, dM) — > {X, dX). 
Now we turn around the cobordism to derive the quadratic chain complex given by 
the normal map (Af, dM') — > (X, dX). The obstruction of the "new" cobordism 
can easily be constructed out of z and is called the flip of z. Again we take a 
relationship which holds in the world of formations and presentation and generalize 
it to all preformations: 

Definition 2.1.1. Let z = {F G F*,9) be an e-quadratic split preforma- 
tion. Its Flip is the preformation 

z' = {F* ^G^ F, -9) 

Similar for the non-split case. □ 

As in (|2.1|l we use the flip preformation to define a connected (A^', C,') be the {2q-\-l)- 
dimensional complex 

(2.2) = 7* : ^^+1 =F* ^ N'g = G* 

= e^i: N"" ^ N'g^, 

C[ = -e9:N"^ — > N^j 

The next step is to thicken up (A^, r]) and (A^', rj') to (2g+ l)-dimensional quadratic 
Poincare pairs 

(2.3) c = {f:C = dN — > D = N^'^+^-* ,{611; = 0,^ = dC)) 

(2.4) c' = {f:C' = dN'^D' = N'^'^^'\{SiP' = 0,ij' = dC)) 



(using the constructions in Definition I A . 2 . 6|l . 
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In the geometric situation we obviously find that dM = dM'. We expect a chain 
complex analogue and indeed 



(2.5) 



Cq+l — G ■ 



-67 > 



hq+l = lG 



Gq+1 — G 



-e-fj 



Cq = F®F* 



C„_i = G* 



C'=F*oF 



(7* ) 



/i„_i = lr 



C' 1 = G* 



F(BF* — >C'q = F* (BF 
G ^C'^=F* ®F 

defines an isomorphism (/i, x) : (C, {C, tp'). We glue c and c' together along 

{h,x) i-e. by Definition lA.3.ll and Lemma I A . 2 . 51 we compute the union 

{dE, to) - if'h -.C^D', {{-f^f'xr - 0, ^)) U (/ : C ^ D, (0, -^)) 

We will try to simplify the quadratic Poincare complex {dE^ lo) and it is already 
clear what the result will be if we look at the special case of formations and pre- 
sentations. In this case the long exact sequence of {W,dW) shows that 7*/i: G ~ 
Kq+i{W) — >G* = Kq+i{W,dW) is a chain complex model for Kq+i{dW). So it 
makes sense to expect that the {2q + l)-dimensional quadratic Poincare complex 
{A, t) (arising from the regular e-quadratic split preformation d{G, 9) by the same 
process as in ()2.1|l ) 

(2.6) dA = {{l+T^e)Or:Aq+i=G^Aq = G* 

To = 1: A" =G — > Aq+i = G 
Ti ^ ee:A'^ = G — > Aq ^ G* 

will be isomorphic to {dE, uj). But if {dE, uj) looks so simple, why did we go through 
all the complicated procedures of thickening and glueing in the first place? Well, the 
aim of Kreck's surgery theory is to decide whether {W, M, M') is cobordant to an 
/i-cobordism i.e. whether the inclusions of M and M' into some W cobordant to W 
are homotopy equivalences. In our algebraic model, we will have to check whether 
the chain maps of D and D' into some algebraic cobordism are chain equivalences. 
Hence, we have to keep track where exactly D and D' are hidden in the boundary 
dE. 



X3 = e:G"'-^ = G^ 
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There is an equivalence (a, k) : {dE, uj) — > (A, t) given by 



(2.7) dEq+i ^ = G 

^ ' ^ a,+ i=(-l 1) ^ 

ag={efi -1 7 ) 



K2 = eO-.A^i^G — >Aq^G* 

Every boundary of a form can easily be expressed as a Poincare pair as the following 
lemma suggests: 

Lemma 2.1.2. Let(G,9) be an {—e)- quadratic form. Then the {2q+l)- dimensional 
quadratic Poincare complex {A,t) defined in 12. 6]) is the boundary of the (2(7 + 2)- 
dimensional quadratic Poincare pair y — {p: A — > E, [St = 0, r)) given by p ~ 
1 '■ ^g+i = G — > Sg+l = G. 

Using Lemma Fa. 2.51 we find that 

x = {g: dE — > E,{Suj ^ 0,lu)) 

with g = (l — l) : dEq+i — > Eq+i = G is a (2(7 + 2)-dimensional quadratic 
Poincare pair. 

Remark 2.1.3. It is time to investigate the effect of a choice of representative 6 for 
9 E Q^e{G) on the construction of x. Let 9 = 9 + 9 + e9* be another representative. 
Let (C, tp) and (C, -0') be the 2g-dimensional quadratic Poincare complex given by 
(|2.3(l and 12.4(1 using the representative 9. 

Then ijj — ijj = d(?/') and i/)' — V' = d{-'ip) with ip G W%{C)2q+i given by V'3 = 
-e9*: — > Cq-i. 

Another choice of representative for 9 does not affect [■0] G Q2q{C), [{Q^ip)] G 
Q2q+i{f), [(0,^')] e Q2,+i{fh), M e Q25+i(9i?) and [(0,c^)] £ Q2,+2(5). 



2.2. Algebraic Surgery and Cobordisms of Pairs 

In Kreck's surgery theory we look at a cobordism (e, /, /') : {W, M, M') — > B of 
normal smoothings and wonder whether it is cobordant rel9 to an /i-cobordism or 
equivalently whether surgery inside of W will produce an /i-cobordism. This is the 
case if and only if the obstruction in ^29+2 (^) is elementary. This section introduces 
algebraic versions of cobordisms and surgery for Poincare pairs. 
The first step will be a purely technical namely to define the notion of algebraic 
cobordism of quadratic pairs rel(9 and algebraic surgery inside a quadratic pair. 
In geometry a cobordism reli9 between two manifolds M and M' with the same 
boundary TV is often thought of as a manifold with corners ( W, dW = AIU N x lU 
M'). 
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N+xI 




N_xl 



By "collapsing" the N x /-part of dW and glueing together the boundaries of M 
and M' we produce a new manifold W with the boundary dW = M \Jn M'. 




Differential topology shows us that the existence of a nuU-cobordism of M Un M' 
is in fact equivalent to (M, N) and (M', N) being cobordant rel9. We will use this 
picture in order to define algebraic cobordisms leld of quadratic pairs. 

Definition 2.2.1. Two (n+l)-dimensional e-quadratic Poincare pairs c—{f: C — > 
D,{Sip,ip)) and c' = {f : C ^ D' , (Stjj' .t/j)) are cobordant rel9 if there is an 
(n+2)-dimensional e-quadratic Poincare pair {h: D'UcD — > E, {ScjjStp'U^—d^p j). 

□ 



An easy example for such cobordisms are homotopy equivalences. 

Lemma 2.2.2. Letc= {f:C — > D,{5tp,tp)) and c' = {f : C — 
{n+l)-dimensional e-quadratic Poincare pairs. Let {l,h;k): c- 
equivalence. Then c and c' are cobordant reld. 

Proof. There is a {Sx,x) € W%{f', e)„+2 such that 

(1, h; k)%{6^, V) - {Si>', V') = d{Sx, X). 

Define the (n + 2)-dimensional e-quadratic Poincare pair 

(2.8) {b:DUcD'^ D' , ((-)"5x, -^V'O) 

by 6 = {h, i-y-'^k, -1) : (D Uc D')r = Dr ® Cr 



^D',{d^',^)) be 
c' be a homotopy 



D' 



□ 



The next lemma proves the useful fact that changing the common boundary of two 
Poincare pairs c and c' doesn't change anything about their cobordism relationship. 
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Lemma 2.2.3. Let c = {f : C — > D, [SiP, ij})) and c' ^ {f : C — > D', {S^p' , ?/>)) be 
two e-quadratic {n + I) -dimensional Poincare pairs. Let {h,x)- {C,^) (Ciip) 
be an equivalence. Define the (n + l)- dimensional e-quadratic Poincare pairs (using 
Lemma\X^EB 

^ = {f' = rh:C^D',{U'^S^/ + {-rf'xf'\ip)) 

Then c and c' are cobordant reld if and only if c and c' are. 

Proof. If c is cobordant icld to c' then there is an (ri + 2)-dimensional e- 
quadratic Poincare pair 



{e: DUc D — > E, {6lo, lo ^ d4> S^')) 
By Lemma I A. 3 . 31 there is an equivalence 

(a, k) : c U -c' = (Z? Ug D' , &ip -&tp') ^ c U -c = (D Uc D' , 6^} ~6ti)') 
Hence, by Lemma I A . 2 . 51 there is an (n + 2)-dimensional e-quadratic Poincare pair 

{ea:D\J^D — > E, {5u + (-)"+^eKe*, H Uj; -H')) 



□ 



It is a well-known fact that two manifolds are cobordant if and only if one manifold 
is derived from the other by a finite sequence of surgeries and diffeoniorphisms. 
There is an algebraic equivalent for Poincare complexes (Proposition IA.4!4)l . We 
will establish the same relationship in the case of Poincare pairs. First we need to 
define a surgery on the inside of a pair: 

Definition 2.2.4. Let c — {f : C — > D, (Si/JjiIj)) be an {n + l)-dimensional e- 
quadratic Poincare pair and d = {g: C(/) — > B, {6a, Sip/'ip)) ^ connected (n -\- 2)- 
dimensional e-quadratic pair. Write g = {a,b): G{f)r = Dr © Cr-i — > Br- The 
result of the surgery d on the inside of c is the (n-l- l)-dimensional e-quadratic 
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Poincare pair c' = [f : C — > D' , {6ijj' , given by 

/do i-r{l+T,)S4>oa* + i-rf{l + T,)^Job 
do' = \{-ya dB (-r(l + r,)5ao + (-)"+i6^ofo* 

V {-rd*g 

f 



B 



n+3— r 



/' 



<B. 



r+l 



B 



n+2~r 







^6^0 0^ 

1 Oy 



• B 



n+2-r 



>B. 



r+l 



B 



n+2-r 



^Si^s {-YTMs-ia* - fT.iPs-ih* 0^ 
{-Y-'^-'^+^TMs-i 

Oy 



= D" 
DL = Dr 



B 



n+2— r— s 



I Br 



B 



r+l 



B 



n+2-r 



{s>0) 



□ 



The following proposition will justify the formulae above by showing that surgery 
inside of a pair is nothing but the composition of the following standard procedures 
of algebraic surgery theory: Thorn complex, algebraic surgery and thickening. (The 
latter is the inverse operation to the Thom complex. See Proposition lA. 2 . 8l ) 

Proposition 2.2.5. We use the terminology of the previous definition. 

i) If C = then {D',6ip') is the result of the surgery {a: D B, {da, Sip)) 
as in Definition \A.4.i\ 

ii) The result of the surgery d = {g: C(/) — > B, (Sa, 6ip/ip)) on the Thom com- 
plex {G{f),6ip/'ip) of c is isomorphic to the Thom complex (C(/'), JV'/V') 
ofc'. 

Proof. The first part is trivial. So we turn our attention to the second claim. 
The isomorphisms 



/I \ 

1 

1 

\0 1 (-)"-'Vo&*/ 

Mr = {Dr © Cr-l) © Br+l 
^ e{f')r = {Dr © Br+l 



) © Cr-l 



define an isomorphism (it,0): (M, r) — > {Q{f'),5^' /^) between the result {M,t) 
of the surgery d and the Thom-complex of c'. □ 

At last we prove the expected relationship between cobordisms and surgery. 

Proposition 2.2.6. Letc={f:C — > D, {Sip, ip)) and c' = {f : C — > D', {S^', iP)) 
be {n + 1)- dimensional e-quadratic Poincare pairs. They are cobordant reld if and 
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only if one can be obtained from the other by surgeries and homotopy equivalences 
of the type (1, /i; k). 

One direction of the proof is covered by the foUowing lemma. 

Lemma 2.2.7. Let c = {f : C — > D, {5^, ip)) be an (n + 1)- dimensional e-quadratic 
Poincare pair and d ^ [g = i^a 6) : C(/) — > B, {6a,6ip/ip)) a connected {n + 2)- 
dimensional e-quadratic pair. Let c' = {f : C — > D' , [5^' ^ip)) be the result of the 
surgery d on the inside of c. 

i) Let^ [D Uc -D, — = c U — c be the union of c with itself along its 
boundary C . Then 

d=ig: DUcD — > B, {Sa, Sip -S^;)) 

given by g — {a b O) : {D Uc D)r = ® Cr-i © Dr — > Br is a con- 
nected (n + 2) -dimensional e-quadratic complex. The result of the surgery 
d is isomorphic to {D' Uc L), 5^j' U^ —Sip) = c' U — c. 

ii) {h: DUc D — > D, (0, dip -6ip)) with h ^ {l -l) : © Cr-i © 
Dr — > Dr is an {n + 2) -dimensional e-quadratic Poincare pair. 

iii) {D'Uc D, Sip'U^—Sip) ~ c'U—c is null-cobordant i.e. c andc' are cobordant 
reld. 

Proof. i) The philosophy of this proof is that in some sense we can 

transfer everything we did for the Thom complexes in the proof of Lemma 
12.2. 51 to the union D Uc D' using the morphism 



5 o) , 0^ : (i? Uc D, SiP Uv, -SiP) {Q{f ),5iP /iP) 



1 




In particular we can apply it to Lemma IA.2.51 and show that d is an 
(n + 2)-dimensional e-quadratic pair. The isomorphisms 



/I 








^ 










1 
















1 







1 


(- 






Vo 


1 





) 




Vr = 


{Dr © 




B Dr) © Br+l © B«+2-r 






[Dr © 


Br+l © B 


"+2-'')©a-l ©ilr 



define an isomorphism [u, 0) : {V , a) (V, a') between the result {V, a) 
of the surgery d and the union {V' , a') — {D' Uc £*, Sip' U^ —Sip) = c'U —c. 

ii) Exercise. 

iii) Follows from Propositions IA.4!3l and fS.4.41 

□ 



Proof of Proposition 12. 2"B1 It remains to show that cobordant pairs can 
be obtained from each other by surgery and homotopy equivalences which leave the 
boundary untouched. 



^Define -c=(f:C > D, (-(5i/), for a pair c = (f : C > D, (Stp, i/')). 
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Let c = (/: C — > D,{6i;,ip)) and c' = (/': C — > D' , {S^j' , tfj)) be {n + 1)- 
dimensional e-quadratic Poincare pairs which are cobordant rel9 so that there exists 
an (n + 2)-dimensional e-quadratic Poincare pair 

e ^ {h: D Uc D' — > E, {dLu,Lu = dip ~6^')) 

with h = (jo k ji) : Dr ® C^-i © Dr — > We define the connected {n + 2)- 
dimensional e-quadratic pair 

d = (g: e(/) ^B-e(ji),((5a,a = W)) 



-/ 



r-1 



JcJc 



The resuh of the surgery d inside of c is the (n+l)-dimensional e-quadratic Poincare 
pair c" — (/" : C — > D", {5ip",il!)). There is a homotopy equivalence m: D" — > 
D' given by 

TO = (0 1 S^p'o) : 

such that m6'ijj"m* = dip'. Hence 0) defines a homotopy equivalence from c" 

to c'. □ 



2.3. Elementariness in Algebraic Surgery Theory 

In this section we want to understand elementariness in the context of algebraic 
surgery theory by reproving Theorem 11.3.21 for Poincare pairs: a preformation is 
stably elementary if and only if the Poincare pair x defined in Section [2. II is cobor- 
dant rel9 to an algebraic /i-cobordism. This theorem is the key to applying 
algebraic surgery theory to preformations in this treatise. 

DEFINITION 2.3.1. Let c = (/: C — > D,{Sip,ip)) and c' ^ {f : C — > D' , {Sip' , ip)) 
be e-quadratic n-dimensional Poincare pairs whose union is the boundary of an 
(n -|- l)-dimensional e-quadratic Poincare pair d = [g: D Uc D' — > E, (dUySip 
-Sip')). Write g = {jo k ji) : {D Uc D')r ^ Dr ® Cr-i ® Dr — > Er. d is an 
algebraic /i-cobordism if the chain maps jo and ji are chain equivalences. □ 

Theorem 2.3.2. Let z — {F G F*,6) be a regular e-quadratic split pre- 
formation. Let X = [g: dE — > E, {Slu — 0,a;)) he the {2q + 2) -dimensional qua- 
dratic Poincare pair constructed in Section \2.1\ for an arbitrary representative 9 of 

OeQ^eiG). 

i) Lf z is elementary then x is cobordant reld to an algebraic h-cohordism. 

ii) Lf X is cobordant reld to an algebraic h-cobordism then [z] G Z2(j+2(A) is 
elementary. 

We need some technical results before we can move on to the proof of this theorem. 

Lemma 2.3.3. Let c = [f : C — > D, {Sip, ip)) and c' ^ {f : C — > D', {Sip', ip)) be 
e-quadratic n-dimensional Poincare pairs. Let d = {g: D Uc D' — > E, {Slo, Sip U^ 
—Sip')) and d' — {g' : D\JcD' — > E' ,{Sixi' ,SipV}^-Sip')) he two {n-\- 1) -dimensional 
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e-quadratic Poincare pairs. Assume there is a homotopy equivalence^ between them 
that is the identity on the boundary. If d is an algebraic h-cobordism then so is d' . 

Lemma 2.3.4. Let c = [f : C — > D, (S^, V-)) and c' ^ {f: C — > D' , (5^', V')) be 
e-quadratic n-dimensional Poincare pairs. Let d = {g: D Up D' — > E, ((5a;, ^■0 
—Sip')) be an [n + V]- dimensional algebraic h-cobordism. Then d is homotopy equiv- 
alent to an alqebraic h-cobordism 



d' = {g': D Uc D' 



such that g' = (l I h) : [D Uc D')r ^ Dr® Cr- 
a chain equivalence. 



DL — > Dr with h: D' 



D 



Proof. Write g = {jo k ji) : {D Uc D')r = Dr ® Cr-i © f -r — > Er. Let 
io : E — > D the chain homotopy inverse of jo and let A : iojo ~ 1 : -D — > _D be a 
chain homotopy. Then there is a homotopy equivalence (1, iq; O)) : d — > 

d' with / — iok + { — Y^^Af and h ~ ioji- D 

Lemma 2.3.5. Let ^ K-i ^ • • ■ Vb — > &e an ea;acf sequence of free f.g. 
A-modules. Then imdi C Vi-i and kerdi C Vi are stably f.g. free direct summands 
for all i G {1, . . . , n}. 

Proof. For i = 1 observe that — > kerdi — > Vi --^ Vb — > is an exact 
sequence and since Vq is free it splits. Hence imdi = Vq and kerdi are stably f.g. 
free and a direct summand in the respective Vi. Now assume the claim is true for 

i G {l,...,n — 1}. Then we look at the exact sequence — > ker d^+i — > T^i+i 
kerdi — > 0. Again the sequence is exact and splits because by assumption kerd^ 
is projective. Now the claim follows for i + 1. □ 



Proof of Theorem 12. 3. 21 i) Let {F ^ G F*,e) he elementary 

and i: U ^ G he the inclusion of an /i-lagrangian. We define the chain 
map m: e{g) — > B (with e{g)r = Er ® dEr-i) 

e(3),+3 = © G 



e(.9) 



q+2 



0®{G®F®F*®G) 



-e c 
-£7 c 

/i* £7* 
e -ep, 



e{g)y+i = G® (F©G* ©F*) 



m={ a b ) 



B, 



U* 



with a = —i*^*ii and b = [—ei*^* i* —1*7*). 

Because of i*9i = e Q-e{U) there is a (5% G HomA(L/, [/*) such 
that i*0i = 5x + e<5x* G HomA(t/, C/*). We can check that {6a, a = 
Suj/u)) G VF% (771)25+3 with ScTi ~ eSx - B^^^ — > Bq+i is a cycle. Hence 



^See Definition rA.2.41 
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we have a connected (2(7+3)-diniensional quadratic pair d = (m: C(g) — > 
B, {6(7, a)). The result of the surgery d on the inside of x is the {2q + 2)- 
dimensional quadratic Poincare pair x' = [g' : dE — > E' , [Slo' ,uj)) given 

by [dEr = £>; ® Cr^l © Dr, E'^ = Er (B ^r+l ® S^^+S-''): 



dEq+2 = ® G © ■ 



dEq+i = G®{F®F*)®G- 



-£7 e 
^^' e-i* 
£ ~£/i 



F®G* ®F* 



E'g+2 = © e [/ 



( 1 0-1 ) 



(£iV' 



1*7* ) 



G©OffiO 



■ E'g = 0®U*®0 



hi : E 



7<3 



E' 



U 



Using the inclusion o o j : D' (B D — > dE and with the help of Proposi- 
tion ^^^ii)] we see that x' is an algebraic /i-cobordism. 
) Now we assume that x is cobordant rel9 to an algebraic /i-cobordism 
x' = [g' : dE — > E' , {Suj' , oj)) . In order to simplify our calculations we 
remember that the boundary of x and x' can be reduced in size by using 
the equivalence (a, k) : {dE, oj) — > {A, r) defined in (|2.7|l on page 133 
Let y' = {p' A — > E',{St',t)) be the {2q + 2)-dimensional quadratic 
Poincare pair induced by x' and the inverse of {a, k). Let y = {p: A — > 
E, {St ~ 0, r)) be the {2q + 2)-dimensional quadratic Poincare pair from 
Lemma [2 .1.21 (It is also induced by x and the inverse of {a, k)). 

By Lemma 12.2.31 y is cobordant rel9 to y' and by (the proof of) 
Proposition 12 . 2 . 6l and Lemma [2. 3. 31 we can assume that y' is the result of 
a surgery d— (m: C{p) — > B, {5a, a = Ot/t)) inside of y with 



&{p\+2 = G- 



-£7*^y 



Bq+2 
d 



e(p),+i = G © G* . Bg+l 



(70 = 





eO' 



Q{pf+^ = ®A'^ ^ e(p)g+i = © A, 



Our next step will be the analysis of the complex E' . If r > q + 3 or r < q 
the differential is given by 
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The top differentials are dual to the bottom ones, i.e. 



2g+3-r 



for r > q + 3 and r < q. 

Because E' ~ D the homology groups Hr{E') vanish for r ^ q-\-l,q. 
Hence by Lemma [2.3.51 there is a f.g. free submodule X <Z E'^ such that 
kerd^©X = E'^. Therefore i?^_|_2/ kerci^_|_2 = coker(i^_|_3 — U is stably f.g. 
free and U* = kerd^ = imd^_,_^. This observation gives us the chance to 
cut away the higher and lower parts of E' and establish a chain equivalence 
E' E" using the maps 



E',+2 = B,+3 e B'+i 



= G ® Bq+2 ® 

<+l 

E'g = Bg+i © 



1 
6,+2 1 
1 



-1^ 
-e , 



E'' = G ® Bq+2 © 



E'^ = U* 



with 



9+2 



^0+1 — 



= I d e(l + r)(5ao + 6g+2fe;+i 
^0 ed* 

'-eaq+i d -e(l + r)(5CTo\ 
^ -ed* j 

rf e(l + r)(5CTo 
ed* 











-bq+i-f*^ -ed (1 + r)(5cTo 



Let's define a regular e-quadratic split preformation 



•I ,1 



G 



{F F* 



'g+2 



which is another representative of [z] G ^213+2 (A). One can easily compute 
that p = i*j'*fj.'. 
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Now we have a look at the boundary of y' . The map g' : A 
given by 



E' is 



Aq+l — G ■ 
(7»' 



Aq = G* 



1 

-bq + 2 





y 



E' = B„+i e 



Applying the chain equivalence (|2.9|l and the map D' ® D 
to g' : A — > E' we find two chain maps D' — > i?" < — D 




dE ^A 



which by assumption are chain equivalences. From the fact that ((5(T, a) £ 
Q2q+2{'m) one can deduce that i*9i = G Q-e{U). Now it is not very 
difficult to verify that the preformation z' fulfils the assumption of Propo- 
sition in respect to the stably f.g. free submodule U. Further 
stabilization of z' by boundaries of hyperbolic forms helps to replace U 
by a f.g. free submodule. Hence [z] ~ [z'] e ^2^+2 (A) is elementary. 

□ 



CHAPTER 3 



Flip-Isomorphisms 

For the whole chapter let q > 2, e ~ ( and let A be a weakly finite ring 
with 1 and involution. 

Obviously, a (2(7 + 2)-dimensional normal cobordism {W, M, M') — > X only stands 
a chance to be cobordant reld to an s-cobordism if there is a compatible difTeomor- 
phism between M and M'. Some kind of "algebraic isomorphism" between M and 
M' can be produced by just using preformations. Let z — (F G F* ,0) 
be the obstruction preformation. We can interpret z also as an algebraic model for 
the normal map M — > X and the flip z' = {F* <^ G ^ F, -9) of z as a model 
for M' — > X. Following that philosophy, we hope that z and z' are weakly iso- 
morphic if z is elementary. We shall call such an isomorphism flip-isomorphism. 
In Section 13.11 we motivate and define flip-isomorphisms and show that, indeed, 
any elementary preformation - even those that aren't obstructions of the above or 
any surgery problem - has at least one. 

Just like we translated preformations into quadratic pairs and complexes in Section 
12.11 we translate flip-isomorphisms into isomorphisms of those quadratic complexes 
in Section 13.21 Those isomorphisms can be applied to the quadratic Poincare 
pair X from Section |2. II They transform x into a Poincare pair with an algebraic 
twisted double on the boundary (see Sections 13.31 and I3.4|l . This is a neces- 
sary preparation before we can define asymmetric and quadratic signatures in the 
following chapters. 



3.1. Flip-Isomorphism 

The idea behind flip-isomorphisms is inspired by an observation in geometry: a 
cobordism (VF, M, M') — > X of highly-connected normal maps/normal smoothings 
can only be cobordant to an s-cobordism if M and M' are diffeomorphic. This 
hardly seems to be a very revealing insight. After all it is the aim of any surgery 
theory to establish existence or non-existence of such a diffeomorphisms. 
But in the context of preformations we can produce a notion of some kind of "alge- 
braic isomorphism" of M and M': flip-isomorphisms. First of all we remember 
from Section 11.11 that there are actually two ways of looking at preformations. 
We can think of them as algebraic vehicles for surgery-relevant data of an even- 
dimensional cobordism {W,M,M') — > X x (7,0,1) of normal smoothings/maps. 
In that case we identify preformations by the very rigid equivalence relation of 
(stable) strong isomorphisms in order to preserve the essential information of the 
whole cobordism. This is the view of l-theory. But we have also learnt that in tra- 
ditional odd-dimensional surgery theory, formations encode the information of the 
normal map M — > X only. That is why the odd-dimensional obstruction groups 
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L2g-i-i(A) have a much more flexible equivalence relation which includes the use of 
weak isomorphisms (Definition 11.2. 12|l . 

So, philosophically, if we have a cobordism {W, M, M') — > X of normal smooth- 
ings/maps and define its obstruction z and we think of it as a description of the 
whole cobordism we use strong isomorphisms. If we treat z only as a description of 
the map M — > X we use weak isomorphisms. As alluded to in Section f2.1l turning 
around the new cobordism leads to the flip of z as the obstruction for the cobordism 
{W, M' , M) — > X. The heuristics so far suggests that the preformation-equivalent 
of a diffeomorphism between M — > X and M' — > X \s a, weak isomorphism 
between z and its flip. Such an isomorphism will be called a flip-isomorphism. 
For fans of algebraic surgery theory the importance of flip-isomorphisms as an 
obstruction to elementariness is even more evident: in Section 12.11 a regular e- 
quadratic split preformation z defined a {2q -\- 2)-dimcnsional quadratic Poincare 
pair X — {g: dE — > E, {5u) = 0, uj)). By Theorem l2 . 3 . 21 we know that if z is elemen- 
tary, X is cobordant rel9 to an /i-cobordism. Then the (2g-|-l)-dimensional Poincare 
pairs c = (/: C ^ i?,(0,V)) and c" = {f'h: C D' , {{-fi f xl* = 0,i^)), 
whose union constitutes the boundary of x (that is (dE,Lu) — c" U — c), have to 
be homotopy equivalent. Both pairs are thickening- ups of the quadratic complexes 
(iV, C) and {N',(') from (|2.1I) and 1)2. 2|l which themselves stem from the prefor- 
mation z and its flip 2'. Hence a homotopy equivalence of the pairs c and c" will 
eventually lead to some kind of equivalence between z and z'. RanSOa' Propo- 
sition 2.3 and 2.5, which provided a recipe for translating the preformations z, z' 
to quadratic complexes {N,C,), respectively, states that there is a natural 

bijection between equivalences of those quadratic complexes and (stable) weak iso- 
morphism classes of formations. A generalization of those Propositions shows that 
z and z' are (stably) weakly isomorphic. The existence of a flip-isomorphism for 
elementary preformations can also be shown quite easily without algebraic surgery 
theory (see the proof of the Proposition 13 . 1 . 2l below) . 

Definition 3.1.1. i) A flip-isomorphism of a regular e-quadratic pre- 

formations z = (F ^ G F*) is a weak isomorphism of z with its 
flip i.e. a triple {a, (3, a) consisting of isomorphisms a S Iiom\{F, F*) and 
(3 e HomA(G, G) and an element a G Q~''^{F*) such that 

(a) 017 + aa^ = efi/S G HomA(G, F*) 

(b) a"> = 7/3GHomA(G,F) 
It is strong if cr = 0. 

ii) A flip-isomorphism of a regular e-quadratic split preformation 
z — {F G F*,9) is a weak isomorphism of z with its flip i.e. 
a triple {a,P,D) consisting of isomorphisms a G IIomA(F, F*) and f3 G 
IIomA(G, G) and an element i> G Q-^{F*) such that 

(a) a7 + a(p - ei?*)*ii = e/i/3 G HomA(G, F*) 

(b) a"> = 7/3GHomA(G,F) 

(c) e + fi*Dfi + (3*6(3 = G Q-e(G) 
It is strong if P = 0. 

iii) A stable flip-isomorphism of a regular e-quadratic (split) prefor- 
mation z is a flip- isomorphism of z + /i with h a boundary of a hyperbolic 
form. (Note that [z] = [z + h] in the Z-monoid). □ 
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Proposition 3.1.2. Let z be a regular e-quadratic (split) preformation. If z is 
elementary then z has a flip-isomorphism. 

Proof. Let z — [F G F*,9) be an elementary regular e-quadratic 
split preformation. We assume that our preformation has the form described in 
Proposition ll.4.2jiv)| There is a flip isomorphism {a, f3, D) of z given by 

U®U* — > F* = U* ®U 
U®R — >G = U®R 



In the non-split case the flip-isomorphism is {a,P,0). □ 




Corollary 3.1.3. Let z be a regular e-quadratic split preformation. If z is (stably) 
elementary there is a (stable) strong flip-isomorphism (a,/3, 0) such that a: F — > 
F* is e-symmetric and zero in i^'(A) (and hence also in LAsy'^{A)) and 0^ — la- 
Similar for the non-split case. 

Corollary 3.1.4. Letz be a regular e-quadratic split preformation and z' its flip. If 
z is stably elementary then it has a stable flip-isomorphism and [z] ~ [z'] £ ^2^+2 (A). 



3.2. Translating Flip-Isomorphisms into Algebraic Surgery Theory 

Let z = (i^ ^ G F\f)) be a regular e-quadratic split preformation. Let 
t = (a, /3, 9) be a flip-isomorphism of z. 

In the following we fix representatives 6 and v for 9 and v and let k £ IIom(G, G*) 
such that (3*6(3 + + = k + en* e IIomA(G, G*). We must of course be aware 
that once we leave the realm of chain complexes and define concepts about pre- 
formations and flip-isomorphisms (that is asymmetric signatures, flip-isomorphism 
rel9 and quadratic signatures) we have to check to what extent they depend on the 
choice of representatives. (Compare R,emark l3.2.1ll 

In Section lO we translated z into a Poincare pair x. The first step of this con- 
struction was to use the proofs of RanSOa Proposition 2.3. and 2.5 to create 
{2q-\- l)-dimensional quadratic complexes {NX) and {N',C) out of z and its flip 
z' . Those proofs also suggest that an isomorphism of two preformations gives rise 
to an isomorphism of those quadratic complexes. Both propositions just cover 
formations but without problems we can generalize the construction for all regu- 
lar preformations. Hence t induces an isomorphism (et,pt)- — > (iV',C') of 
{2q + l)-dimensional quadratic complexes given by 

(3.1) N„+i^F ^N'=F* 

Ng = G* iV^ = G* 

et,,=/3 
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Co 






Ci 


= eO-.m — > 




c^ 


= e/i: iV'" ^7V^+i 






= -eO-.N"^ — > N'q 




Pt,Q 


= ava* : N'"^^ 




Pt.l 


= -1*aua* : N'""^^ - 


N' 

q 


Pt.2 


= -l3-*K*p-^: N"' 


— > N' 
g 



The Poincare pairs c and c' defined in (|2.3|) and (|2.4|) are thickenings of (A'', () 
and {N', (') and the isomorphism {et,pt) leads to a homotopy equivalence of those 
two pairs in particular to an isomorphism of the 2(7-dimensional quadratic Poincare 
complexes {det, dpt) : (C, = d{N, C) and (C, = d{N' , C') (see LemmaETlJ. 
Composing this isomorphism with the inverse of the canonical isomorphism 

{h,x)- (C» ^ (C",^') 
defined in (|2.5|l yields a self-equivalence {ht,Xt) ~ {h, x)^^idet, dpt) of (C, -0) given 

by 

(3.2) Cq+l — G ^ Cq-\.l — G 



-67 > 



C„ = F © F* 



( «7* ) 



Cn-1 = G* 



-£7 'i 



Cq-i — G* 



Xt,i 

Xt,2 
Xt,3 





1 — q;j/*Q!* 





G'^ = I 
: C«-i 



F 



Cq=F®F* 



G 



C„ 



F®F* 

- G* 



(see Definition IA.1.51 for inverses and compositions of isomorphisms of quadratic 
complexes). 

Remark 3.2.1. Let ^,9 be other representatives for i' e Q-^{z, (3) and 6 E Q^^(G). 
Then there are 9 S HomA(G, G*), i> € ilomf^{F* , F) such that 9 - u = i> + eu* G 
HomA(F*,F) and 0-61 = 9 + e9* e HomA(G,G*). Define k ^ n + k-ek* + (3*9f3 + 
9 + iJ.*i>ii e HomA(G, G*) for some k e HomA(G, G*). 

9, 9 and k induce an isomorphism {ht,Xt) ■ (G, ip) (G, V')- (Note that ht and the 
chain complex G are not affected by the choice of representative.) From Remark 
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12.1.31 we know that there is a -0 S W%{C)2q+i such that 'ip — ip = d{il)). Then 
Xt-Xt = Tp- hti>ht + dx with x e W%(C)2q+2 given by 

X3 = -r2d* ■■ C^-' = G ^ Cg = F ® F* 

See also Remarks 12.1.31 15.2.21 and Lemma 15.4.21 

3.3. Quadratic Twisted Doubles 

A preformation with a flip-isomorphism is some kind of algebraic equivalent to a 
{2q + 2)-dimensional normal cobordism {W, M, M') — > X with a diffeomorphism 

h: M M' compatible with the highly-connected normal maps M — > X and 
M' — > X . The boundary of W — > X can be replaced by a normal map on the 
twisted double M yJh\dM M into X. As sketched in the introduction this is the 
starting point for constructions which yield obstructions for {W, M, M') to be an 
/i-cobordism: asymmetric signatures and, if h\dM ~ 1^M^ quadratic signatures. 
These constructions can be imitated for quadratic Poincare pairs as we will find out 
in Chapters 0] and |5| A prerequisite for those constructions is to turn the boundary 
of the (2(7 -f- 2)-dimensional e-quadratic Poincare pair x from Section 12.11 into an 
algebraic twisted double. 

Definition 3.3.1 f |Ran98j 30.8(ii)). The twisted double of an n-dimensional 
e-quadratic Poincare pair c = (/: C — > D, (Sip^^p)) over A with respect to a 
self-equivalence (h, x) '■ (G, tp) (C, ip) is the n-dimensional e-quadratic Poincare 
complex over A 

= {fh:G~^D,{S^j + {-r-'fxr,i'))U{f:G^D,(-Si^,-^)) 

with 

DUhD = -.G ^ D®D 

/<5Vs + {-r-^fxJ* 

\ {-Y-''iJsh*r (-)"-'-+^+ire^s-i, 
{D \jh D)"-''-' = D''-"-' e © c'"-'-"-^ 

> {D Uft D)r ^ Dr®Dr® Gr-1 

□ 

Let z = (F ^ G F\e) be a regular e-quadratic split preformation. Let 
t — (a, /3, v) be a flip-isomorphism of z. Again we pick representatives 9 and v for 9 
and V and let k S Hom(G, G*) such that (3*9P+9 + = K+en* e HomA(G, G*). 
Let {dEt,LUt) be the twisted double of c = (/: G — > D , {dip , ip)) of (ESI with 
respect to the self-equivalence {ht,Xt)- {G,ip) iG,ip) from (|3.2|l . 
There is an equivalence {at, at): {dEt,—uJt) {dE,uj) of {2q + l)-dimensional 
quadratic Poincare complexes given by 
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0-t,q+2 



0't,q+l 



at,q 



dEg+2 



J 



/?: dEt,q+2 - G 
fO (3 
a-* 
ea ea{i>* — ev 
\1 

dEt^q+i ^G®G®{F®F*) 

a-* 

(3-* 

1 

/O o\ 



ava* 

\0 0/ 

dE'>+^ =G* ® {F* ®F)®G* 

0', 

Q^q + 2 ^ Q 



G 



dEt,q = F* 



> dEq+i ^G(BiF®F 
F* © G* 



dEq^F® G* 



dEq = F®G 



dEq+i =G©(F®F*)©G 



O't.2 



e 

— 1 —7* — + e7*ai^Q;* — 1 
1 eaiya* 



-7* -e/3-*K/3-i 
-e/i — eah'a*j —eavc 



= ® (F* © F) e G* 



dEq^F® G* 



-1 



dE'i ^F* ®G®F — >dEq^F®G* ®F* 

Applying Lemma fA. 2. 51 to the Poincare pair x — [g: dE — > F, ((5a; = 0,cj)) from 
Seetion l2 . II yields a {2q + 2)-dimensional quadratic Poincare pair given by 



Xt 



[gt = gat : dEt — > E, {SuJt, t^t)) 
9t,q+i -(1 -/3 0): dEt.q+i ^G(BG(BF(BF* 
ScJt = -iSu; + i-f'^+^g<jg*)^0 



E, 



9+1 



G 



and a homotopy equivalence of pairs (at, — 1; 0) : Xt — > —a;. 

The equivalence at maps each copy of D in dEt isomorphically onto a copy of D 
and D' in 9F. Hence a; is cobordant rel9 to an /i-cobordism if and only if xt is. 



3.4. Symmetric Twisted Doubles 

The computation of asymmetric signature of a flip-isomorphism (which we will 
accomplish in Chapter^ demands a symmetric version of the constructions of the 
previous section. 

Definition 3.4.1 ('Ran98 30.8(ii)). The twisted double of an n-dimensional 
e-symmetric Poincare pair c = (/: G — > D,{6(j),(f))) over A with respect to a 
self-equivalence {h, x) : (G, (f) (G, 4>) is the n-dimensional e-symmetric Poincare 
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complex over A 

cU(,,,x)-c = iDUhD,S(j)U^-S(j)) 

^ ^fh:C^D,{6<l>+{-r-'fxr,<l>))U{f:C^D,{-6cl),-^)) 

with 

DUhD = {^^^ : C — >D(S)D 

/S(f>s + {-r-\fxsr 

> {D Uh D)r = Dr®Dr® C^-l 

□ 

het z = [F G F*,e) be a regular e-quadratic split preformation. Let 
t — (a, /?, 9) be a flip-isomorphism of z Let v, 9 and k chosen as in the previous 
section. We symmetrize our ingredients {ht,Xt) and c from the previous section: 
The {2q + l)-dimcnsional symmetric Poincare pair which is the product of the 
symmetrization of c defined in p. 3(1 is given by 

(3.3) (l + r)c - (/: C-^i?,W = O,0=(l+T)V^)) 

The symmetrization of {ht,Xt) defined in (|3.2(l leads to a self-equivalence 

{ht,0): (C» ^(C» 

of the 2g-dimensional symmetric Poincare complex {C,(j)). Let {dEt,Ot) be the 
symmetric twisted double of (1 + T)c in respect to {ht, 0). 

The twisted double construction and symmetrization are commutative operations 
up to an equivalence. 

Lemma 3.4.2. Let c= {f: C — > D, (S^p^ip)) be an n- dimensional quadratic Poin- 
care pair and let {h,x)- {C^ip) — > {C,''P) ^6 self-equivalence. Then there is a 
chain equivalence 

(1, a):{l+ T)c U(,,(i+T)x) -(1 + T)c ^ (1 + T)(c U(,,^) -c) 

with {l+T)c^ if: C — > D,{l + T){6i;,'ip)) and 

/O 
o-o = 

\o i-y-^T^o^ 

> {D U/i D)r ^ Dr®Dr® Cr-\ 

We apply this lemma and Lemma IA.2.51 to the symmetrization of the (2g -I- 2)- 
dimensional quadratic Poincare pair xt defined in the previous section and get a 
(2g + 2)-dimensional symmetric Poincare pair 

If a; is cobordant rel(? to an /i-cobordism then so is x*. 
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Remark 3.4.3. The construction of x*" and {ht,Q): {C,tp) — > {C,tp) just depends 
on the "symmetrization" of z and t i.e. (F G F*) and (a,/3, {i^* — ei^)*) 
(compare Remark |l. 2. 15|) . Every choice of representative for D leads to the same 
Poincare pair a;* . 

For an e-quadratic preformation y = {F G F*) and a flip- isomorphism 
s — {a,P,a), x** can be constructed in the same way if, in the definition of 6t and 
/it, {ly* — ev)* is replaced by a. 



CHAPTER 4 



Asymmetric Signatures of Flip-Isomorphisms 

For the whole chapter let e — (— and let A be a weakly finite ring with 
1 and involution. 

Let {W, M, M) be a cobordism with boundary M {J^ M for some automorphism 
h of dM . Then an asymmetric signature can be defined which vanishes in the 
asymmetric Witt-group if and only if W is cobordant rcld to a twisted double. An 
s-cobordism [W, M, M) is a twisted double, so the asymmetric signature provides 
an obstruction for W to be cobordant rel9 to an s-cobordism. 
The previous chapter explained how a flip-isomorphism of a preformation defines 
a symmetric Poincare pair with an algebraic twisted double as the boundary. For 
such a Poincare pair we can define an asymmetric signature, too. Like in geometry 
it vanishes if the pair is cobordant leld to an ft-cobordism i.e. if the preformation 
is stably elementary. 

Asymmetric signatures of manifolds do not require normal maps or smoothings (see 
e.g. |Ran98| Corollary 30.12.). Similarly symmetric complexes and pairs suffice as 
input for the algebraic asymmetric signature, e.g. the symmetric Poincare pair 
defined in Section 

In Section 14.11 we will give a short introduction into the origins of asymmetric 
forms and twisted doubles in geometry. Then Section l4.2l will present the algebraic 
chain complex analogues. We define asymmetric forms, complexes and pairs and 
show how a Poincare pair with a twisted double on the boundary determines an 
asymmetric complex. We have already seen in Section 13.41 how a preformation 
and a flip-isomorphism can be used to construct a symmetric Poincare pair with 
an algebraic twisted double as the boundary. In Section 14.31 we compute its 
asymmetric signature and show in Section 14.41 that it vanishes for every flip- 
isomorphism of an elementary preformation. 

The asymmetric signatures depend on the choice of flip-isomorphism. Hence in 
Section 14.51 we define an Z-monoid of flip- isomorphism //^*(A). The asymmetric 
signatures define a monoid homomorphism fP'^{A) — > LAsy'^{A). It turns out that 
the asymmetric signatures vanish for any flip-isomorphism of any stably elementary 
preformation. 

4.1. Geometric Twisted Doubles and Asymmetric Forms 

One of the successes of asymmetric forms in surgery theory was the open book 
obstruction theory of Quinn ( |Qui79| ) which led to a second computation of the 
cobordism ring of automorphism. (The first computation was achieved by Kreck 
(see e.g. Kre84 ) using an early version of his Z-surgery theory.) 
We will outline Quinn's approach to the cobordism of automorphism. For sim- 
plicity we assume that all manifolds are simply-connected. Let h : N N be 
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a difFeomorphism of a closed 2(7-diniensional manifold {q > 1). The first obvious 
obstruction for h to be nuU-cobordant is the cobordism class of the mapping torus 
T{h). 

So let us assume that T{h) has a {2q + 2)-dimensional nuU-cobordism V and after 
surgery on V we can make Hi{V, N) vanish for i < q. The isomorphism 

(4.1) K = Hg+i{V,N) — y Hi+\V,dV - N) 

— > iJ^+i {V,NxI) — > (F, N) 

gives us a non-singular asymmetric form A: K — > K* which is zero in the asym- 
metric Witt group LAsy^ (Z) if and only if there is a difFeomorphism H : Q — > Q 
with V = T{H) and hence dH = h. 

More generally, an exact sequence describes the connection between the cobordism 
ring of automorphisms and the asymmetric Witt group. Let be the cobord- 

ism group of continuous maps from i-dimensional manifolds to X and Ai{X) the 
group of cobordism classes of triples (F, h) with F a closed i-dimensional mani- 
fold, g : F — > X a map, h : F — > F an automorphism together with a homotopy 
g cii gh such that there is an induced map 

T{g) : T{h) — >T{1: X — > X) = X x S'' 

Then for any k > 2 and topological space X there is an exact sequence 

A2k+i{X) ^ n2k+2{X X S') L^s2/°(Z[^i(X)]) 

withT: A,{X) — > n,+i{X xS'^),{F,g,h) i — > {T{g),T{h)) (see also IRan98| 30.6 
(iv) or Qui79 ). 

In our case we start with an (n + l)-dimensional cobordism {W, M, M') such that 
M' = M and M may have a boundary. Then there is an isomorphism h : dM — > 
dM such that the boundary of W is the twisted double M UhM (see Win73, and 
|R,an98| Chapter 30). By glueing the ends of the cobordism together we obtain a 
manifold V with boundary T{h). One can do surgery below the middle dimension 
to make {V, N) highly-connected and read off an asymmetric form as before. It 
vanishes in the asymmetric Witt group if and only if V is cobordant to a mapping 
torus of an automorphism and that is the case if and only if W is cobordant rel9 
to a twisted double. 

It is also possible to define a chain complex version of that construction: an asym- 
metric Poincare complex consisting of the singular chain complex C{V,dM) to- 
gether with a chain equivalence inducing the isomorphisms A: H^'^^^* {V , dM) 
ff*(y, dM). The maps fit into a diagram of exact sequences 

(4.2) 

^n+i-r(y^ H"-'~(M) ^ F"+i-'-(F, dM) ^ F"+i-'-(W?, dM) 

Hr{M, dM) ^HriV,dM) ^ HriW,M + M) 

In particular, if dM — 0, the asymmetric complex is C*(y) together with the 
Poincare duality on V. In particular, if dM — 0, the asymmetric complex is C*(V^) 
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together with the Poincarc duaUty on V. One can find a twisted double cobordant 
rel9 to W if and only if that asymmetric complex is zero in the asymmetric L-group 
L^s?/"+i (Z[7ri(y)]) (see e.g. |J^an98| 30.12). 

4.2. Asymmetric Forms, Complexes and Pairs 

We present the algebraic equivalents of the geometric constructions of the previous 
section. Note that the asymmetric signatures of manifolds do not require normal 
maps. Therefore it is not surprising that the asymmetric signatures only require 
symmetric complexes and pairs and not quadratic ones. (Obviously we can al- 
ways symmetrize any quadratic complexes, etc. and feed that information into the 
asymmetric signature construction. Compare Section 13.41 ) 
For the following compare with |Ran98| Chapter 28F. 

Definition 4.2.1. An asymmetric form (Af, A) over A is a f.g. free A-module 
M and a A G HomA(M, M*). It is non-singular if and only if A is an isomorphism 
of A-modules. 

A lagrangian L of an asymmetric form (Af , A) is a direct summand L C M 
such that L = with L-^ = {x G L\X{x){K) — 0}- If an asymmetric form has a 
lagrangian we call it metabolic. 

An isomorphism /: (M, A) (il/',A') of asymmetric forms is an isomor- 
phism of A-modules f:M^ M' such that A' = f*Xf. 

The asymmetric Witt-group LAsy^{A) is the abelian group of equivalence 
classes of non-singular asymmetric forms where 

(iVi, Ai) - (iV2, As) ^ 3(iVi, Ai) © (Ml, Ki) ^ (A2, A2) (M2, ^2) 
for some non-singular metabolic forms {Mi, Ki). □ 

Definition 4.2.2. An n-dimensional asymmetric complex (C, A) over A is a 

chain complex C together with a chain map A: C*"^* — > C. (C, A) is Poincare if 
A is a chain equivalence. 

A morphism /: (C, A) — > (C",A') of n-dimensional asymmetric complexes 

is a chain map /: C — > C" such that there is a chain homotopy A' ~ fXf*. The 
morphism is an equivalence if / : C — > C is a chain equivalence. 
An (n-l-l)-dimensional asymmetric pair (/: C — > D, {SX, A)) is an n-dimension- 
al asymmetric complex (C, A), a chain map /: C — > D and a chain homotopy 
SX: fXf* ~ 0: — > D. It is Poincare if the chain maps given by 

{SX (-)"/A) : e(/)"+i-''' = D^+i-'' © C"-'' — > Dr 

are chain equivalences, in which case (C, A) is Poincare as well. 

Asymmetric Poincare complexes (C, A) and (C, A') are cobordant if (C, A) ffi 

(C, —A') is the boundary of an asymmetric Poincare pair. 

The asymmetric L-groups LAsy"(A) is the cobordism group of n-diniensional 
Poincare complexes. □ 

Remark 4.2.3. A 0-dimensional asymmetric complex is an asymmetric form. It is 
Poincare if the form is non-singular. For details see the errata to jRan98| . |R.an98| 
(errata) Proposition 28.34 shows that any 2m-dimensional asymmetric Poincare 
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complex is cobordant to an m-connected 2m-dimensional asymmetric Poincare com- 
plex which again is nothing but a 0-dimensional asymmetric Poincare complex i.e. 
LAsy'^"'{A) = LAsy^{A). (The odd-dimensional asymmetric Witt groups are all 
trivial.) Hence we will identify asymmetric Poincare complexes with asymmetric 
forms. 

We explained before that there is a geometric construction to assign an asymmetric 
form to manifold with a twisted double on a boundary. We will state the algebraic 
analogue. For that reason we need to define a chain equivalence of a Poincare 
pair with a twisted double on the boundary (which we shall call b-duality map) 
modelling the Lefschetz-duality map H"+i-*(VF, SM) ^ H4W,M + M). It is 
mimicking the diagram of exact sequences with the ordinary Poincare dualities of 
our various manifolds 



(4.3) 



H'"--''{dM) 



.i/"+i-'-(VF,9M) 



P.D. 



P.D. 



hP.D. 



Hr-l{dM) 



Hr{W,dW) 



Hr{W,M + M) — 

The rules for the cap product show that the first square commutes up to an alter- 
nating sign. 

Definition and Lemma 4.2.4 (;Ran98 30.10). Let x = {g: dE — > E,{e,d9)) 
be an l)-dimensional symmetric Poincare pair such that the boundary {dE, dO) 
is a twisted double of an n-dimensional symmetric Poincare pair with respect to a 
self-equivalence {h,x)- (C, 0) (C, (/)) (compare Definition l3.4.1|l . We write 
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{jo jl k) : dEr ^ Dr®Dr® Cr-1 



Er 



i) The b-duality map n: C(jo/)"^^ — ^ ^{.joiJi) of ^ defined (up 
to chain homotopy) as the chain equivalence which fits into the chain 
homotopy commutative diagram of exact sequences 



(4.4) ■ 



0' 



(?) 



■ e(jo/)"^ 



e(jo,ji 



e(ff) 



•0 



13 

(compare (I4.3|l ) such that 

(a) the first square commutes up to an alternating sign 

/ 1 0' 

(b) 8J? 
Vo 

G{jo,jl)r = Er®Dr-l®Dr-l > e{g)r = E'r ® ® i'r-l ® C,._2 

(c) f3r = (^-fh^ : Cr-1 e(jo,Ji). 

(d) - (^(^_y.+ i°rQg^g?j ■ E''+'-'' ^ e(.g), = Er ® dE^-l is the 

Poincare duality map of x (see Definition I A . 2 . 2|l 
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(e) ^, = (/.o/i:C"-'-^a-i. 
ii) The asymmetric complex {B, A) of x is (up to chain homotopy) the 
{n + l)-dimensional asymmetric Poincare complex with 

B = e(jo -Ji-.D^ eUof: C E)) 

and A: — > B a chain equivalence which fits into the chain homo- 
topy commutative diagram of exact sequences (compare (|4.2ll ') 

(4.5) ^ D"-* ^ ^n+i-* e(jo/)"+^~* ^ 



0' 



e(/) 



B 



•0 



with 

(a) TTr = 

(b) Lr 

(c) Tr = 

(d) ar = 

(e) C. = 



B 



7'L-\-l — r 



■ B,. = © Cr-l © L'r-l 



1 ; 

'10 
.0 10 

Oo o\ 

1 : e(/)^ = Dr® Cr-l 
0/ 

'10 

/ 1 I : B^ > e(j0,il)r = -Br © © Dr-l 

,0 -1 



C(/)r the Poincare duality map of 



(/: C — > D, {6(1), 4>)) (see DefinitionE22l 

(f) TXr = {-yX* : — > Br the duality involution of A 

(g) K the b-duality map. 

iii) The asymmetric signature of x is the asymmetric cobordism class 

a*{x)^[{B,X)]eLAsy-+\A) 

Proof. All we need to do is to show that the vertical sequences of Diagram 
(j4.4(l and (|4.5|l are exact. First we notice that e(/3: C*_i — > C(jo, ji)) = £(5)- 
Hence the bottom sequence of Diagram (|4.4|l is the mapping cone sequence of /3 
and therefore exact. 

In the case of the bottom sequence of Diagram (|4.5|l we note that every element of 
kerr^ is in the image of ar- On the other side cjr o Tr is nuU-homotopic: 



(7,. OTr — deOo + ^rde{f) 

( 

Ar = (-y-^ 
V 



e(/)r ~^e(io,ji)r 

e(/)r-l = Dr-X © Cr^2 

* Gii0,jl)r = Er®Dr-l 



□ 



Remark 4.2.5. The asymmetric signature is vanishing if and only if one can extend 
the twisted double structure on the boundary to the whole Poincare pair x and 
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it is invariant under cobordism (see jRan98| Proposition 30.11). We will only 
need certain properties: ProDOsition l4. 4. 4l states that two Poincare pairs which are 
cobordant rel9 have the same asymmetric signature and Proposition 14.4.51 shows 
that the asymmetric signature of an algebraic /i-cobordism is zero. 

Now we will present an explicit formula for asymmetric complex (B, A). 

Proposition 4.2.6. The chain maps k and A in the previous definition are given 
(up to chain homotopy) by 

( Oo {-r-^k<j>oh* \ 

\ (-)"-'• (<5<^oii* + /0ofc*) (-)"-''+V0o/i* / 



TXr = I (-)"->ofc* (-)"-'-+Vo(l + /j*) (-)"->o/* 

^n+l-r ^ ^n+l-r ^ (jn-r ^ jjn-r , Br ^ ® © Z^r-l 

Proof. First we check that our definition of k makes the right square of Di- 
agram H4.4|l commute i.e. whether Z = an - v [l O) : G{jof)"'~^^^* — > 6(5) is 
null-homotopic. We define 












\0 {-r(t>oh*J 



n+2-r 



E 



n-\-2—r — r 



e{g)r ^ Er® Dr-1 © Dr-1 © C'r-2 



and find that Zr = de(g)Ar+i + Arde(jo/)"+i-* ^Oo/)"^ '' — > e(5)r 
The left square commutes up to an alternating sign because 

{~r-''Mr = nr {^^ : C"-'' e(jo, =Er® Dr-1 © D 

This choice of k helps us to confirm that our formula of A fits into Diagram H4.5|l . 
Y ~ TXtt — tC : D"^* — > B is null-homotopic with chain homotopy 



r-l- 




D 



which fulfils 



Br 



Yr - deK+i + A;rfD..-. : i^""' 

Hence the left square of Diagram (|4.5|l commutes up to homotopy. For the other 
square define Z = kl - aTX: B''+^-* — > e(jo, ji)- Then 



^0 

a:: = I (- 




\7i — r-\-l 



^n+l-r ^ ^n+l-r ^ (jn-r ^ jjn-r 
' e(jo, jl)r = Er © Dr-1 © Dr-1 
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defines a chain null homotopy of Z i.e. 

Finally, one has to check that A is a chain map. Because Z is obviously a chain 
map and i consists of injective module homomorphisms it follows easily that k is 
a chain map as well. By the five-lemma the chain maps A and k have to be chain 
equivalences. □ 



In the case of dE = or C = the asymmetric complex (S, A) is equivalent to the 
obvious symmetric complexes. 

Lemma 4.2.7. Let (C, 0) fee an e-symmetric n-dimensional Poincare complex. Then 
the identity induces an equivalence 1: (C, (jjo) (C, T^^o) of n-dimensional asym- 
metric complexes, (i.e. (C,4>q) — {C,Tg(/)o) G LAsy"'{A)) 

Corollary 4.2.8. We use the notation of Definition \4.2.4\ 

i) Let dE = 0. Then (B, A) and {E, 0q) are equivalent. 

ii) Let C = 0. Let (V, cr) fee the union of the fundamental n-dimensional 
symmetric Poincare pair (g — {jo, ji) : D ® D — *■ E, {9, 89 — d(j) (S ~-S(j))) 
(see Definition \I~^ . Then {B,\) = {V,an) £ LAsy"+i(A). 



4.3. The Asymmetric Signature of a Flip-Isomorphism 

Let z = {F ^ G F*,9) be a regular e-quadratic split preformation. Let 
t — (a, (3, D) be a flip-isomorphism of z. Let v he a, representative of D. As an 
abbreviation, define a = {v — eu*)* . a is independent of the choice of representative 
for v. 

The {2q -f 2)-dimensional symmetric Poincare pair = (5* : dEt — > E, (0, 6*4)) 
of Section 13.41 has a twisted double structure on its boundary which enables us to 
apply the asymmetric signature construction from Proposition 14.2.^1 The result is 
the {2q -\- 2)-dimensional asymmetric complex {B,X). 

We can reduce this complex to a smaller (2q + 2)-dimensional asymmetric complex 
{B', A') via the chain equivalence 



BqJ^2 — G (B G ■ 



Bq+i ^G®{F®F*)®F* 



do 



Bq = G* 



G®G- 



'10- 

, d\ 



■G®{F®F*)®F* 



(0 d'o) 



(0 1) 



10 
10 
1 



G* 



B'^^^ ^F®F* ®F* 



B'q = G* 
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with 



*2 



1 1 + /3 
1 

/ 1 

7 





-1 


ea 





— a^* 
1 
-1 eaa^* — 1 — eaa J 



d'n = 



K+2 

X' 



{e{l + f3-*)fi* (l+r*)7* 7*) 

e: B''' — > B'q+2 


e 

— e ea a 




B 



B' q+1 



(All Ar are in fact isomorphisms of A-modules.) 

With the help of Ran98I (errata) 28.34, we compute a highly-connected {2q + 2)- 
dimensional asymmetric complex (_B",A") which is cobordant to the asymmetric 
complex (i?', A'): 



B 



II q 



Bq+2 - G 



^iiq+1 _ ^ ^F®F*®F*®G*®G 



-erf'/* 



B 



iiq+2 



B'' = G* 
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with 



( 7 \ 

/i 










(l+/3-*)7* 


7* 


-e(3- 




0) 




(0 





1 














e 





-a* 












\" — 


—e 


ea a* 


— €a + eaaa* 
























-e/3- 








\0 








1 





) 





We can simplify this asymmetric complex to gain the asymmetric form we were 
looking for using the isomorphism of chain complexes 



Bq+2 = G ■ 



d'' 



$2 



G 



B'' =F®F*®F*®G*®G- 



d'n 



B'! = G* 



'F*®G*®G 

(0 1 0) 

G* 



with 



$2 = 1 
$0 



/ 


a 











— a7/3 


\ 







ea-* 








—ea~*fi. 









1 


1 





-^i^3 




e(l- 




(i+r*)7* 


7* 


-e/?-* 







V 














/3 


J 



1 



Thus the asymmetric signature is given by the asymmetric form 
^0 a 

1 -e \ : M = F®F 
,0 1 eaua* 



M* 



It is clear that p does not depend on the choice of representative for u. Hence we 

can define 

Definition 4.3.1. Let z = {F G F* ,9) be an e-quadratic split preforma- 
tion. The asymmetric signature a*{z,t) of a flip-isomorphism t = [a, (3,9) 
of z is an element (M, p) G LAsy^{K) given by 

^0 



a 



p = I 1 

,0 1 ea{v* — eu)a* 



M = F®F* 



M* 
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Similar for the non-split case. □ 
4.4. Asymmetric Signatures and Elementariness 

In this section we show that the asymmetric signatures are an obstruction to ele- 
mentariness 

Theorem 4.4.1. Let z — {F G F* ,9) he a regular e-quadratic split pre- 
formation which allows flip-isomorphisms. If z is elementary then the asymmetric 
signature a*{z,t) G LAsy^{A) vanishes for all flip-isomorphisms t. 

Remark 4.4.2. Theorem 14 . 5 . 31 will present a version for stably elementary prefor- 
mations. The converse is not true in general. Counterexamples are presented in 
Example 16. 3. HI 

The asymmetric signatures are generally not-trivial as Corollarv Ifi . 3 . 21 will show. 

We will give two proofs for this theorem. The first one is based on algebraic surgery 
theory whereas the second proof is a low-level calculation of asymmetric forms. 
The Definition 14.3.11 shows that the asymmetric signatures only depend on the 
underlying non-split preformation. It ignores the quadratic structures of both pre- 
formation and flip-isomorphism. A generalization of Theorem 14.4.11 for non-split 
preformations comes without surprise: 

Corollary 4.4.3. Let z — {F G F*) be a regular e-quadratic preformation 
which allows flip-isomorphisms. If z is elementary then the asymmetric signature 
a*{z,t) £ LAsy^{A) vanishes for all flip-isomorphisms t. 

Proof. The second proof for Theorem 14.4. II works also for the non-split case. 
There should be no problem in using algebraic surgery again - one "only" needs to 
prove symmetric versions of the previous two chapters. We leave this as an exercise 
to the reader. □ 

The first proof of Theorem 14.4.11 needs some preparation. In the next two proposi- 
tions we show algebraic equivalents of the following facts from the world of mani- 
folds: 

i) Two manifolds with a twisted double on their boundary have the same 
asymmetric signature if they are cobordant rel9. 

ii) An s-cobordism (W, M, M) is in fact a twisted double and hence its asym- 
metric signature must vanish. 

Proposition 4.4.4. Let x = {g: dE — > E, (9, 89)) and x' ^ (g' : dE — > E', {6', 89)) 
he two [n+V)- dimensional symmetric Poincare pairs such that the boundary {dE, 89) 
is a twisted double of an n-dimensional symmetric Poincare pair (/ : C ~> D, (Scf), <j))) 
with respect to a homotopy self- equivalence {h,x)'- iC,(t)) {C,4>) (compare Def- 
inition \3.4.1)) . 

i) If X and x' are cobordant rel8, then a*{x) — o'*{x') G LAsy"^^{A). 

ii) a*ix) - a*{x') ^a*{xU -x') G LAsy"+^{A). 

Proof. i) This is a special case of |Ran98) Proposition 30.11(iii). 

ii) By using the union construction one can easily verify that {{x U —x') + 
x') U X — {x U ~x') + {—{x U —x')). In this formula the sum {C,(l)) + 
(/: D — > E,{89,9)) of an (n + l)-dimensional e-symmetric (Poincare) 
complex with an (n -f l)-dimensional e-symmetric (Poincare) pair is the 
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(n+l)-dimensional e-symmetric (Poincare) pair (( ^ ) : D — > E(BC, {d9® 

For any Poincare complex (C, 4>) (and in particular for x U —x') 

((1 -1) : .C,(0,(/)©-<^)) 

defines a nuU-cobordism of (C, (^) © (C, —</>). Hence the pairs x and {x U 
—a;') + a;' are cobordant rel9. Therefore cr*{x) = cr*{{x U —a;') + x') S 
i^s?/"+^(A). It is not hard to see that the latter expression is the same 
as a*{x^x')+(j*{x'). 

□ 

Proposition 4.4.5. Let x = (g: dE — > E,{9,d9)) be an (n + I) -dimensional 
symmetric Poincare pair such that the boundary {dE, 86) is a twisted double of 
an n-dimensional symmetric Poincare pair (/: C — > D, {S(l),4>)) "with respect to a 
self- equivalence (h,x)'- — > {C,(l)) (compare Definition \8.4-l^ - We write 

.9 = (jo ji k) : dEr ^ Dr ® Dr ® Cr-l — > Er 

Additionally assume that x is an h-cobordism i.e. that ja^ji: D > E are chain 

equivalences. Then cr*(x) = G LAsy"^^{A). 

Proof. We could refer to Ran98 Proposition 30.11(ii) but instead we give 
a quick and direct proof of the claim. Obviously it is enough to construct an 
asymmetric null-cobordism for the asymmetric Poincare complex {B,TX) given in 
Proposition 14.2.61 ^ 

We define the {n + 2)-diniensional asymmetric Poincare pair 
(s: B — > ((5A, A)) 

S = (0 1) : Br = Er ® Cr-l ® Dr-l > Dr-1 

In order to proof that it is Poincare one observes that there is a chain equivalence 
e(s) ~ e(jo/)*-i given by 

Q{s)r = Dr-1 © Er-1 © Cr-2 © Dr-2 
> e(jo/)r-l = Er-1 © Cr-2 

□ 

First proof of Theorem 14.4. 1L By Theorem 12.3.21 the Poincare pair x = 
(g-.dE 

— > E, {Sui — 0,uj)) from Section ITTl is cobordant rel9 to an algebraic /i-cobordism. 
By Section rOI the Poincare pair xt = {g: dEt — > E, {0,d9t)) is cobordant reld to 
an algebraic /i-cobordism. By Proposition l4.4.51 its asymmetric signature (which is 
a*{z,t) e LAsy^{K) by Section lO)) is vanishing. □ 

Second proof of Theorem 14.4. 1L We can also give a proof of the theorem 
without algebraic surgery theory. For simplicity we assume that {F ^ G 



In general, if (/: C > D,{5\,\)) is an n-dimensional asymmetric (Poincare) pair, so is 

U-C ^ D,(T,5\,T,X)). 



(jo-Ji 1 0\ 

I 1 oy 
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F*, 6) has the nice form presented in ProDOsition ll.4. j[v)| and that i: U ^ G is the 
inclusion of the /i-lagrangian. We define a metabohc asymmetric form {M',p'): 



b = 



k = 



P = 




A lagrangian for (Af, p') is given by 
/€-f(3i 67(1 + /?) \ 





eaji 




ea 


j = 





7 













7*ck 




[-e^ 


— e 


J 



U®G®F 



M' ^{F®F* ®F)®G* ®G 



Then {M,p) © (M', —p') has a lagrangian 

1 

\0 IJ 



I = 



M®G 



M ®M':=:M®M®G*®G 



□ 



4.5. The Flip-Z-Monoids 

The asymmetric signature of a flip-isomorphism suggests the definition of an ex- 
tension of Kreck's Z-monoids which includes a choice of a stable flip-isomorphisms. 

DEFINITION 4.5.1. Let z = (F ^ G F*) and (F' ^ G' F'*) be 
regular e-quadratic preformations and let t — [a, (3, a) and t' = {a', (3', a') be flip- 
isomorphisms of z and z' respectively. 

An isomorphism (77, C) of the tuples and {z'^t') is a strong isomorphism 

{ri,C)- z z' of preformations such that a' — ri^*ar]^^, (3' — CPC^^ and 

cr' = rjcri]* . 

The sum {z, t) + (z', t') is the well-defined tuple (z © z', i © <'). 

Let y'^ = dH~^{h'^) be a hyperbolic preformation and i'' = (( ) , ( J ) , O) a 

(strong) flip-isomorphism of y*' . ^ 

A stable isomorphism of the tuples {z,t) and {z',t') is an isomorphism of {z,t) + 
{y^ ,t^) with {z',t') + (y',t') for some k,l S Nq. The stable isomorphism classes 
form an abelian monoid namely the flip-Z-monoid /P'+^(A). 



■^Compare Corollary 13. 1.31 
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□ 



If[z'] G /2«+2(A) is elementary then cr*(7r^i[z']) = {0} (with TT as in Remark \4-.5.S\ ) 
i.e. a*{z,t) — for all flip-isomorphisms t of all preformations z with [z] = [z'] G 
^2(;+2(A) (i.e. for all stable flip-isomorphisms t of z). 

Proof. Using the notation of Definition 14. 5. II assume that there is an isomor- 
phism (??, C) of {z,t) and {z',t'). Let 



be the asymmetric forms whose image in LAsif{K) are by definition the asymmetric 



signatures of [z,t) and [z' ,t'). Then ./ = ( o if o \ : M M' is an isometry 

of the asymmetric forms {M,p) and {M',p'). So a*{z,t) — cr*(z',i'). 
Clearly a*{yk,tk) = and it is obvious that a* {z,t) -\- a* {z' ,t') = a*{z © z',t®t'). 
Hence the asymmetric signature doesn't change under stable isomorphisms of tuples 
{z,t) and it is compatible with the actions of both monoids. The rest follows from 
Corollary 11X31 □ 






CHAPTER 5 



Quadratic Signatures of Flip-Isomorphisms 

For the whole chapter, let g > 2, e = ( )' and let A be a weakly finite 
ring with 1 and involution. 

Let {W, M, M') be a cobordism such that dM ~ dM' = 0. If there is an automor- 
phism H : M M' , we can glue M on M' along H in order to obtain a closed 
manifold Vh- If Vh is nuU-cobordant then {W, M, M') is cobordant rel9 to the 
/i-cobordism {M x /U^-i M',M,M'). 

As usual we try to transfer the above into the world of algebraic surgery theory. Let 
X = {g: dE = D'UcD — > E, {6ui, ui)) be a (2(7-|-2)-dimensional quadratic Poincare 
pair e.g. the one we constructed out of a preformation z in Sect ion [TTl Assume that 
C is zero or at least contractible. For the Poincare pair x from Section ITTI that is 
only the case if z is a non-singular formation (see also ChapterEJ. So we deal in fact 
with a Poincare pair of the form (17: D(BD' — > E, (Sui' , A flip-isomorphism 

induces an isomorphism of D and D' , so that x transforms to a fundamental pair 
x' = {D(BD — > E, {Su)', i'(B—i')) which we can glue together along D (see Definition 
IA.3.4|I . The result is a {2q + 2)-dimensional Poincare complex. It is (algebraically) 
nuU-cobordant if and only if x' is cobordant rel9 to ((1, 1) : D®D — > D, (0, 
which is the case if and only if x is cobordant to an /i-cobordism. Using standard 
surgery theory (e.g. Lemma IA.4.51) this Poincare complex corresponds to a non- 
singular quadratic form and that form vanishes in the even-dimensional L-group 
if and only if the Poincare complex is nuU-cobordant. Hence we expect to be 
able to define an element in L2q+2 (A) for each flip-isomorphism of z such that z is 
elementary if and only if such a quadratic signature vanishes for a flip-isomorphism. 
The manifold case requires more care if the boundary of M and M' is non-empty. 
Again we go through all automorphisms H : M M' and replace M' by M using 
H . The original cobordism becomes {W, M, M) and the boundary of W turns into 
a twisted double M L>h M with h = H\: dM — > dM' = dM. But not every 
twisted double M U/j M is a boundary of an /i-cobordism. If we want to follow 
the strategy of the closed case in the beginning we have to assume that e.g. h is 
isotopic to the identity Then {W,M,M) can be glued onto M x (7,0, 1). If the 
result, a closed manifold, is nuU-cobordant then (VF, M, M) and hence {W^ M, M') 
is cobordant relc? to an /i-cobordism. 

Similarly, for general preformations the situation is more complicated. In Sec- 
tion 13.31 a flip-isomorphism < of z replaces the boundary dE of x by an alge- 
braic twisted double. This yields a {2q + 2)-dimensional quadratic Poincare pair 
xt = {gt- D' Uftj D — > E, {5ujt,ijJt — 5^ with a twisted double at the 

boundary. It is not always possible to find an algebraic /i-cobordism with that 
boundary except e.g. if {ht,Xt) is homotopic to the identity. This involves a con- 
cept of homotopies of morphisms between quadratic complexes which we develop in 
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the rather technical Section 15.11 We define flip-isomorphisms rel9 in Section 

I5.2l as flip-isomorphisms for which {ht, Xt) is homotopic to (1, 0) : (C, tp) ^> (C, tp). 
Then we deviate shghtly from the example in geometry. We use the homotopy 
to change Xt such that it looks like (D Uc D — > E, {*, Sip — <5'0)) and then 
stick the standard algebraic /i-cobordism {D Uc D — > D, (0, Sip yj^p —Sip)) on it. As 
before, the result will be a (2g-|-2)-dimensional Poincare complex which corresponds 
to a non-singular quadratic form. This is the quadratic signature which will be 
constructed in Section 15.31 In Section 15.41 it is proven that a preformation z is 
stably elementary if and only if one of its quadratic signatures is vanishing. 
The disadvantage of the quadratic signatures is that they not only depend on 
the preformation and the flip-isomorphism, but e.g. also the explicit homotopy of 
(ht:Xt) — (IjO)- Hence we do not have something like a map fhqi^) — * L2q{K). 
In certain cases, though, we can restrict the effect of those choices on the quadratic 
signature (see Lemma l5.4.4|l . 

Curiously, the quadratic and asymmetric signatures are related by the canonical 
map L2q{A) — > _Lylsy°(A), {K,ip) — > {K,ip — ei/j*) as we will show in Section 
1531 

5.1. Homotopy and Twisted Doubles 

This section deals with a very technical issue, the extension of the concept of chain 
homotopies of chain maps 

A: / ~ /': C — > C" 
to a homotopy of morphisms of quadratic (or symmetric) complexes 

{A,7j): (/,x)^(/',x'): (C, ^) ^ (C, 

Obviously the chain homotopy A will affect the quadratic structures x ^^^d x'- 
Their difference is determined by an operation Ay^ip (and a boundary drj). In 
Lemma l5 . 1 . 51 we show that the homotopy of morphisms is an equivalence relation. 
We will only be able to deflne the quadratic signature if the chain map {ht, Xt) ■ {C, ^) 
{C,'ip) deflned in H3.2|l is homotopic to (1,0). This makes it necessary to keep 
track how a twisted double changes if the self-equivalence used is changed by a 
homotopy. Lemma l5 . 1 .61 deals with this case. 

Section FS . 5l discusses the relationship between quadratic and asymmetric signatures. 
We will need Lemma 15 . 1 . 81 which shows that changing the self-equivalence involved 
by a homotopy will not affect the asymmetric signature. 

Definition 5.1.1. Let A: / ~ /': C — > C be a chain homotopy of two chain 
maps. 

Let e iy^°(C,e)„. Define A^V e iy^"(C", e)„+i by 

(A^V). = -A0s/* + {-r+\r<Ps + (-)"+iAr,0,_i)A*: C7'"+i-'^+^ ^ c; 
Let 7/; e W%{C',e)n. Define A%V^ e I^%(C",e)„+i by 

(A%^), = -M^sf* + (-)'■+' (./V,s + (-)"Ar,^,+i)A* : c""+'-''-^ C; 

□ 

Lemma 5.1.2. Let A: f ~ f : C — > C be a chain homotopy of two chain maps. 
i) Let G W^'^°(C,e)„. 

Then d(A^V) = -A^°(#) + fc^J* - />/'* e I^^"(C,e)„. 
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ii) Let^pe W%{C,e)n. 

Then d(A%V) = -A%(d^) + /^/* - /V/'* S W^%(C, e). 

iii) Let %P e T4^%(C,e)„. Then 



(1 + T,)(A%V)-A^"((1 + W) 

[ (-)'■ Ad(r,^)o A* : ^ : s = 

10 : s ^ 



with i G e)„+2 5*"en 6?/ Co = AT.VoA* : ^ C',. 

iv) Let g : C > D be a chain map. Then gA : gf ~ gf : C — > D is a chain 

homotopy. 

Let cf) e T/F^°(C,e)„. Then {gA)°^"(t) = .9(A^V)5* e iy'^°(i:>, e)„+i. 
Lei e M^%(C,e)„. Tften (gA)%V = .9(A%^)5* e M/%p,e)„+i. 

Lemma 5.1.3. Let (/, x): {C,iJj) — > {C'^i})') be a morphism of n- dimensional e- 
quadratic complexes. Let A : f f : C — > C be a chain homotopy. 
Then (/',% + A^V-")- (C*, V") — ^ {C ^ip') is also a morphism of n- dimensional e- 
quadratic complexes. Similar in the symmetric case. 

Definition 5.1.4. A homotopy (A, ry) of two morphisms of n-dimensional 
e-quadratic complexes (/, x): (/'i x') • i^ii') — * is a chain homotopy 

A: f f : C — > C" and an element rj e W%{C')n+2 such that 

X' - X - A%V + d(r/) G W^%(C')n+i 
Similar in the symmetric case. □ 

Lemma 5.1.5. Let (A, 77): (/, x) — if',x')- (C, V") — > (C','0') &e a homotopy of 
two morphisms of n- dimensional e-quadratic complexes. 

i) Then there is a homotopy (A' = —A, 77'): (/',x') — (/; x) • (C*; V') — ^ 

ii) Let (A', 77'): (/',x') (/",x"): (C,^) — * (C",V'') &e another homotopy. 
Then also (/, x) '^'^^ (/"jX") '^''6 homotopic. 

iii) Homotopy induces an equivalence relation on all morphisms (C, t/") — > 

(C',7/;')- 

iv) Let {g,p)'. {C','ijj') — > {D,0) be a morphism. Then there is a homotopy 

{g\giig*): ig,p){f,x) ^ (.9, p)(/', x') : iC,i') (0,9) 

with {g,p){f,x) = {9f,P + 9X9*) as in Definition\AA^ 
Similar in the symmetric case. 

Proof. i) Use 77^ = -77, + (-)'-+iAV^A* : c;. 

ii) Define A" = A + A' and 77^' = 77, + + (-)''AV.A* : c''"+2-'-- — , c'^_ 
Then (A", V'): (/,x) - U",x")- iC,i>) (C',^') is a homotopy 

iii) Clear from the previous two previous statements. 

iv) Obvious. 

□ 

Lemma 5.1.6. Let c = (/: C — > D, (Sipjip)) be an n-dimensional e-quadratic 
Poincare pair. Let (A, 77): {h,x) — {h\x')'- (C*, V") — ^ (C', V') o, homotopy of 
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self- equivalences. Then there is an isomorphism (a, a) : cU(^ — c — > cU(ft/ ,^') — c 
of the corresponding quadratic twisted doubles given by 

/I (-r/A^ 

1 
\0 1 

(D U/i Z?),. ^ Dr(B Cr-l ®Dr > (D yJh' D)r = Dr ® ® Dr 

'i-r-'fvsf* o^ 



^(-)"^,A*/* Oy 



Lemma 5.1.7. Let c = (/: C — > D, {S4>, (f>)) be an n-dimensional e-symmetric 

Poincare pair. Let (A, 77): {h,x) — {h',x')' (C', iC,(t>) be a homotopy of 

self- equivalences. Then there is an isomorphism {a, a): ciJ^h^^) —c cU(^h',x') ~^ 
of the corresponding symmetric twisted doubles given by 

'I (-r/A^ 
1 
^0 1 

(D U/i D)r = Dr® Cr^l © -Dr > [D U/j' D)r = Dr ® Cr-l © Dr 

'i-r^'fvsf* o^ 
00 

^(-)"0,A*r Oy 

> (D Uh' D)r = Dr® Cr-l ® Dr 



Lemma 5.L8. Let c — (/: C — > D,[5(j),(j))) be an n-dimensional e-symmetric 
Poincare pair. Let (A, 77): (/i, x) ~ {h',x')'- {C,(t>) {C,4>) be a homotopy of 
self- equivalences. Then there is an isomorphism 

(a, a) : {dE, 6) = c \J(h,x) -c ^ {dE' , 6') = c U(h',x') 

0/ </ie corresponding symmetric twisted doubles given in Lemma \5.1.7\ Let x' = 
{g' : dE' — > E^ {59' , 6')) be an (n + 1)- dimensional e-symmetric Poincare pair. 
Then X ^ {g = g'a: dE — > E,{69 = 69' + {- Yg'ag'* ,6)) is also an [n + 1)- 
dimensional e-symmetric Poincare pair (by Lemma \A.2.5\} and the asymmetric sig- 
natures a*{x) = cr*{x') G LAsy°{A). 



Proof. Use Definition 14.2.41 and show that the b-duality maps of x and x' 
are homotopic. Then it follows that the asymmetric complexes of x and x' are 
equivalent. □ 
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5.2. Flip-Isomorphisms rel9 

As explained in the introduction we can only produce a quadratic signature if 
(^tiXt) — (IjO). Inconveniently, (/it,Xt) depends on the choice of representatives 
for 9 and v and a map k. This is the reason for the next, rather awkward, definition. 

Definition 5.2.1. A flip-isomorphism t rel9 of a regular e-quadratic split 
preformation z — [F G F* ,9) is a flip-isomorphism t = (a,/?, i^) of 
z such that there is a representative 9 oi 9 € Q^^{G) and a representative v for 
V e Q-e{F*) and k E HomACG, G*) such that f3*9f3 + 9 + fi*!/^ = n + en* and 

such that the isomorphism {ht,Xt)- {C,ip) (G, ■0) defined in (|3.2(l and (|2.3(l is 
homotopic to the identity (1,0): {C,ip) ^—f {C,ip). □ 

Remark 5.2.2. To a certain extent the "rel9" -property is independent of the choices 
of 9 and v (but not necessarily of the choice of k): Assume that for v, 9 and k as 
before, there exists a homotopy 

{A,rj): {1,0) ~{ht,xt): (G,V)^(G,V^) 

Let 9, K, j>, 9, k as in R,emark l3.2.1l They induce a new isomorphism 

{ht,xt). (G,^)^(G,V^) 



which is also homotopic to the identity by 

(A, 7J + X). (1, 0) ^ {ht,xt) : (G, ip) ^ (G, ^) 

with X defined in Remark 13.2.11 See also Remarks 12 . 1 . HI 1!?. 2 . II and Lemma [5.4.21 

The "rel9" -property is invariant under the equivalence relations of fl2q+2{^) and 
any elementary preformation has such a flip-isomorphism. 

Proposition 5.2.3. i) Every elementary preformation has a flip -isomorph- 

ism relB. 

ii) Lett and t' be flip-isomorphisms of e-quadratic split preformations z and 
z' respectively. If t and t' are flip-isomorphisms reld then so is t®t' . 

iii) Let [{z,t)\ — [(z',t')] G /Z2g+2(A). If t is a flip -isomorphism reld then so 
IS t'. 



Proof. i) Let z be of the form describe in Proposition 11.4. l|lv ) | Then 

the flip-isomorphism defined in Proposition l3 . 1 . 21 is a flip- isomorphism veld 
with representatives 



G = U®R — >G* = U* ®R* 



.0 



K = (!! !?, ):G=;7®i? — >G* = IJ* ®R* 
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fo 0\ 

-1 

-e 

\0 OJ 

10 





and with a homotopy (A, rj) : (1, 0) ~ {ht,Xt) ■ (C, ip) — ^ (C, ^p) given by 

^ ^ ^ ' = (c/©;/*) ® ([/* ©[/) — >Cq+i^u®R 

Cg-i ^U* ®R* —>Cg^{U ® U*) ® [U* ® f7) 
C« = {U* ®U)®{U® U*) — > Cq+i = U®R 
C«+i = C/* © i?* — >Cq = {U® U*) © ([/* © U) 

c« (c/* © i7) © (;/ © 

— > C, = ([/ © C/*) © (U* © ?7) 
C«-i ^U®R — ■'Cq = {U ®U*)®{U* ®U) 







^0 








e 









1 





















m 




(; 




fo 






















1 











Vo 


1 


e 






/ 


-e 


0\ 



^3 



f?4 







Vo Oj 



-cr* 



>R* 



ii) Obvious. 

iii) We only sketch the proof. Let t and t' be flip-isomorphisms of e-quadratic 
spht preformations z and z' respectively, t and t' induce self-equivalences 

{huXtY- (C,^) ^ (C,V) and (/ij, xj) : (C, (C',^')- Let i and 
t' be flip-isomorphisms of e-quadratic split preformations z and z' respec- 
tively. Let (ry, Q) be an isomorphism between (z, and (z', t') in the sense 
of Definition l4.5.Il Then define an isomorphism (/i, 0) : (C, t/)) — > {C',ip') 

by 



^q+l 



■ 

?r* 



= © F* ^ = i^' © i^'' 

hq-i = C * • C*!?-! = G — > C'q_i = G' 
Then hhth^^ ^ h[: C ^ G' and /),Xt^* = Xt- Assume 

(A,ry): (1, 0) ~ (/it, Xt) : 
is a homotopy, then 

{hAh-\Wh*)- (1,0) (/i;,xO: (C",^') (C',V') 
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is a homotopy as well. 

Assume now that there is a fc S No such that the flip-isomorphism t+tk 
oi z + yk is a flip-isomorphism veld {tk and are defined in Definition 
14.5.11 ') Now observe that the 2(7-dimensional quadratic complex C induced 
by yk is contractible. It follows that i is a fiip-isomorphism rel9. 

□ 



Let t 



5.3. Construction of the Quadratic Signature 

(a, /3, 9) be a flip-isomorphism rel9 of a regular e-quadratic split pre- 



formation z — {F G F 



. Choose 9, V and k as in Definition 15.2.11 
Then there exists a homotopy (A, 77): (1,0) ~ {ht,Xt)- (C, V") ~^ {C,ip)- Write 

Ag+i = (i? S) : C, ^ F(BF* ^ C,+i = G and A, = (^^ : = G* ^ 

Gq=F®F*. 

We use the homotopy to change the boundary of Xt — {gt ■ dEf = D iJi^ D — > 
E^ (SuJtjUJt)) to the simpler quadratic Poincare complex 

{dE', w') = c U -c = [D Uc D, Sip -Sip) = {D Ui D, Sijj Uq -Sip) 

by applying Lemma lS.l.GI We obtain an isomorphism (a, cr) : {dE' , ui') {dEt^ujt) 
given by {dE'^ ^ ® Cr-i Dr, dEt^r ^ D^^Dr® C^-i) 



^£^9+2 = © G © ■ 



■ dEt,q+2 = © © G 



9£;;+i =G©(F©F*)©G 



-£^1 e 
A"* £7* 
e -ep 



9£;^ = F* 



1 -ei? -eS 
1 
1 
10 



dEt^q+i = G ® G ® {F ® F*) 



>G* ®F* 



1 eV 
1 
10 



• dEt^g = F* 



-e^ a a(i/* — 
-ep £ 
/i* £7* 



)G* 



r 










-7 














Vo 


-1 


0/ 
















") 


-1 





0/ 



dE'" = F © G © F 

— > OF^+i = G © (F © F*) © G 
= G* © F* © F © G* 



sf; = F* © G* © F* 
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Co = 





-ee 



ao^{-V* 0) 

/ 0\ 





\-R* 0/ 



0-1 = 



0-2 



fvi 0\ 





yo 0/ 



rji 0> 



^e"f*R* Oy 

m 0^ 



,e0*V* 0, 



dE'" = F © G ® F — > dE'g^ F* ®G* ®F* 
dEl^F®F®G^ dEt.,q+2 = G 

dE^+^ = G* © G* © {F* © F) 

— . dEt,g = F* © F* © G* 

9Fj« = F © F © G 

— ^ 5Ft,,+i =G®G®{F(BF*) 
dEl+^ = G* © G* © (F* © F) 

— . c^Ft,, = F* © F* © G* 
dEl^F®F®G 

— , dEt.q = F* © F* © G* 



Then we change the boundary of the {2q + 2)-diniensional quadratic Poincare com- 
plex 



xt = {gt- dEt — > F, ((5wt,cjt)) 



from Section \'6.'A\ using Lemma I A . 2 . 51 and the above isomorphism. We obtain 



(5.1) 

wt 

9t,q+l 



{g[ = gta: dE' E, {Sco' = ScJt + {-f'+'gtCJglM)) 

(1 -(R -eS -/3) : 9F;+i = G© (F©F*)©G ^ F,+i = G 



^q + l ^ Q* 



E, 



9+1 



G 



The next step is to glue wt to an algebraic /i-cobordism y = [m: dE' = D Uc D — > 
D, (0,w')) with = (-1 l) : (9F^ = F»r © G^-i © Fir — > Fir- Let the resuh 
be the {2q + 2)-dimensional quadratic Poincare complex (F, r) = U —y. Using 
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the isomorphism (Vr — Er Q dE'^_i © Dr) 

Vq + 3 = © G ® 



G 



Vq+2 = Q®{G®F ®F* ®G)®{)- 



1 

-7 1 

-/^ 1 

-10 1 



-t R S e/3 \ 

-ep e ' 

/i* e7* 

£ -£^1 

e -£ 



Vq+i ^G®{F*®G*®F* 



(0 -£ £ 



Vq = Q®Q(BF* 



G 



I 1 -£S /3 \ 
' £ 0* 
-7* 10 
-1 1 
\ -£ 



■ G © F ® F* ® G 



i?, \ 

10 





1^ 



G ® F* © G* © F* © G 



(0 1 0) 



we can shrink the chain complex y to a smaller chain complex V via the chain 
equivalence given by 



V,+2 = G © F © F* © G ■ 



Vq+Y =G®F* OG* ®F* ®G 



( -7 1 0) 



1 -£5' 0/3 

-7* 1 



■ R ■ 



T/'+i - G © G* 



The induced quadratic structure on V' is given by 



-»7o /3 
-e9 



V 



G* © G — > = G © G* 



Using Lemma IA. 4.51 we can define the quadratic signature 

DEFINITION 5.3.1. Let z = (F ^ G F*,e) be a regular e-quadratic split 
preformation and t = (a, (3, P) a flip-isomorphism rel9 of z. 

Choose representatives 6 oi 9 ^ Q^^{G) and a representative v ior D E Q^^{F*) 
and a K £ HomA(G, G*) such that (3*9^ + 9 + ^*i'fi = k + ek* and such that there is 

a homotopy (A, 77) : {ht,Xt) — (1,0): {C,tp) {C,tp) of the isomorphism defined 
in (|3.2|l and (|2.3|l . The quadratic signature p*{z,t,i^,9,K,A,ri) = [(Af, ^)] e 
-^2(j+2(A) is given by the non-singular (— e)-quadratic form 



-^0 /3 ON 
-e9* 
R* fi Oj 



M = G* ®G®F 



M* 



□ 
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5.4. Properties of the Quadratic Signatures 

First we show that the quadratic signatures detect whether an element in l2q+2 (A) 
is elementary or not. 

Theorem 5.4.1. [z'] G ^2^+2 (A) is elementary if and only if there is a flip-isomorph- 
ism reld t of z with [z] = [z'] G ^25+2 (A) and A, k, 0, v and rj as in Definition \5.S.l\ 
such that p*{z, t, v, 0, k, A, 77) = G iy2q+2(A). 

Proof. Let z be a regular e-quadratic split preformation. If z is elementary 
then use the flip-isomorphism and the choices for A, v, etc. made in the proof of 
Proposition I5.2.t][)| 

On the other hand assume that there is t, A, etc. such that p*{z, t, 0, k, A, if) = 
G i2(;+2(A). Then (V, r) — y \J —wt constructed in the previous Section is 
nuU-cobordant. Hence the Poincare pairs y and wt from the previous section are 
cobordant reld. y is an algebraic /i-cobordism. The Poincare pair x constructed 
in Section 13.31 is cobordant rel9 to an algebraic /i-cobordism. By Theorem 12.3.21 
[z] G /2g+2(A) is elementary. □ 

Quadratic signature depend on a lot of choices. We can restrict that dependency 
to a certain degree: 

Lemma 5.4.2. Let z, t, v, 0, k, A and ij as in Definition \5.3.1\ 

Lete & HomA (G,G*), i> G HomA(F*,F), k G HomA (G,G*) andfj G VF%(G, 6)29+3. 

Define 

V = ly + i? + eP* <E llomA{F* , F) 
= + + 60* e Rom AiG,G*) 

K = K + k- €K* + (3*013 + + n*!^^ (ERomA{G,G*) 

V = V + X + d{fi) 
with X defined in Remark ]!^. 2.1\ 

Then p* (z, i, v, 0, k, A, ff) exists and is equal to p* (z, t, 1^,0, k, A, 77) . 

Proof. Straierhtforward. See also R,emarks l2.1.3l rmi and l5T^ □ 

Lemma 5.4.3. Let z, t, v, 0, k, A and 77 as in DeRnition \5.H.l{ Let z' , t' , v' , 0' , 
k! , A' and rj' another set of data as in Definition XB.H.li Then 

p*iz,t,iy,0,K,A,rj) + p*iz\t\iy\0',K\A',r,') 

= p*{z(+ z', t®t' ,v ®v' ,0 + 0', K e k', A © A', 77 © 77') 

In a special case the quadratic signatures only depend on z, i and A. Later it will 
be shown that the quadratic signature does only depend on the preformation and 
flip- isomorphism rcl9 if A = Z and e ~ ~l (see Corollarv l5.5.3|) . 

Lemma 5.4.4. Let z, t, v, 0, k, A and rj as in Definition 15.5*. il Let z, t, v' , 
0' , k! , A and 77' another set of data as in Definition \5..^.1l Assume that the 
map Q^g{G*) — > Q-e{F), ' — > p0p* is infective. Then p*(z, i, i/, 0, k, A, ry) = 
p*{z,t,h'' ,0' , k' , A,ri'). Hence the quadratic signature only depends on z, t and A. 
//A = Z this is the case if p is infective and, for e — 1, if additionally \ Torcoker/i| 
is odd. 
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Proof. Using Lemma 15.4.21 we can reduce the problem to the case where 
6 = 6', V = v' . Then we have two homotopies 

(A,r;) : (l,0)~(/it,xt): (C»^(C,^) 
(A,r;') : (l,0)~(/it,x;): (C»^(C,7/;) 

Hence x't - Xt = d{ri' - tj). It follows that d{ri)o = 0: C«+i — > Cq and ^(77)1 = 
0: C — > Cq for fj = rj' — rj. Combining the equations yields dijod* = (1 + 
T,){--tdfii-efi2) : C« — > Cq. Hence ^ryoM* = G Q-e{F). Hence r;' = 7/ e Q-^IG) 
and the claim follows. 

Now let K='L. We need to prove that induces an injection between the Q-groups. 
By the Smith Normal Form Theorem f |New72] We can assume that 



(di • • ■ \ 



: G = Z" 



F* = Z" 



■•• 

• • ■ dn 

yo 0---0 0/ 

with all di > Q and m > n. By assumption, all are odd if e — 1. Let 9 G 
Mat{n X n,Z) such that 116^* = k + ek* for some k G Mat{m x m, Z). It follows 
^6*^^ = (1 + for aU i, j e {1, . . . , n}. If e = -1 then da = 
if i < j 



that 6ij = e6ji and dj 



for all i. Hence k', = < ^-^ 

I else 



If e 



fulfils 



k' + ek'* and [d]=Oe Q-,{G*] 



1 then d^6ii = 2^^^. By assumption df and hence we can define k' G 
9y if j < j 

Mat{n X n,Z) by ■ = i^u/dfi if i = j ■ It follows that 6 = k,' + en'* and 



else 



[0] = e Q_,(G*). 



□ 



5.5. Quadratic and Asymmetric Signatures 

There is a close relationship of asymmetric and quadratic signatures which is not 
that surprising if we re-examine their construction. For simplicity let (W, M, M) 
be a (2(7 -I- 2)-dimensional cobordism with dM = 0. By glueing W together along 
M and after surgery below the middle dimension we obtain a {2q -\- 2)-dimensional 
closed manifold V. Poincare duality induces a non-singular (— )''-symmetric form 
A: H'^^^{V) Hq+i{V). The asymmetric signature of {W,M,M) is the image 
of that form in LAsy'^{A) (compare Section ing . 

Similarly, in the algebraic surgery world we can glue an (2q + 2)-dimensional qua- 
dratic Poincare pair d = {D(BD — > E, {Si', i'(B—i')) together along D and obtain a 
(2(7 + 2)-dimensional quadratic Poincare pair (V, r) (which is basically the quadratic 
signature in this simple situation) . By Lemma l4.2.8l the image of its symmetrization 
(y, (1 -I- T)r) in LAsy'^{A) is the asymmetric signature of d. This fact generalizes 
to the case of all quadratic signatures. 



Theorem 5.5.1. Let z, t, v, 0, k, A and 77 as in DeRnition \5.S.l[ The image of 
the quadratic signature p*{z, t, v, 6, k. A, 77) under the map 

L2q+2{K) LAsv\K) 
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is the asymmetric signature a*{z,t). 

Proof. Let {V,t) = wt U ~y be the union of (2g + 2)-dimensional quadratic 
Poincare pairs defined in Section 15.31 (Using standard algebraic surgery theory - 
e.g. Lemma IA.4.51 - (V, r) is a {2q + 2)-dimensional quadratic Poincare complex 
representing the quadratic signature p*{z, t, v, 9, k, A, 77) £ L2g+2(A)). 
By Lemma {V, (1 + T)t) = (f + T)wt U -(1 + T)y. Again by Lemma [OH 

there is an isomorphism 

(1, a) : {dE', e') = (f + r)c U -(1 + T)c ^ {dE' , (1 + T)uj') = (1 + r)(c U -c) 

with c = {/ : C — > D, {S-ip, (compare and 12. which - applied to (1 + 
T)wt - yields a new (2q + 2)-dimensional symmetric Poincare pair 

= {g[:dE' ^E,{5e' = {l + T)5u' + {-f^-^g[ag'le')) 

K = -((f + r,)7?o + eA,+ir7AoA;+i): =G* =G 

(we use Lemma rA.2 . 51 here^ . 

By Lemma 11331 (1 + T)wt U -(1 + T)y = U —y' with some Poincare pair y' 
which is - like y and (1 + T)y - an algebraic /i-cobordism. 

All in all this means that {V, (1 + T)r) ^ U —y'. Note that w* is a Poincare pair 



with a (trivial) twisted double on its boundary. Hence by Proposition 14.4.41 14.4 
and Corollary 11231 

il + T_,)p*iz,t,iy,9,K,A,rj) = (V, {1 + T)t) = a* (V, [1 + T)t) 

= a*{w') -a*{y') = (7*{w') e LAsy"{A) 

Now we verify that (A, (1 + T)r] + ^) : {ht,0) ^ {1,0): (C, cj)) ^ (C, cj)) is a well- 
defined homotopy with ^ as in Lemma l5 . f .21 which transforms w* to using Lemma 
10:71 Then Lemma I5XHI shows that a*{w^) = a*{x*) = a*{x,t) G LAsy°{A). □ 

Remark 5.5.2. The relationship between quadratic and asymmetric signatures can 
be made more precise. By Ran98 30.29 there is an exact sequence 

^ DBL2q+i{h) ^ L2q+2{K) '^^^^-'K LAsy^k) 

p*{z, t, V, 6, K, A, 77) I cr*(z, t) 

with DBL2q+i{K) the kernel of the map 

LAut2,+i{K) LP^+iiA) 
"(/i,x): (G,^) ^(C»] ^ [(C,V)] 

The map t is induced by the algebraic mapping torus: Let (/i,x): {C,ip) 
(C, ip) be a self-equivalence of an n-dimensional quadratic Poincare complex. Then 
the algebraic mapping torus is the union of the fundamental (n + l)-dimensional 
quadratic Poincare pair 

{{h,l): C©C^C,((-rx,^®-V')) 
as described in Definition IA.3.41 

In the case of A = Z and q — 2k, the map L4k+2{'^) — > LAsy'^{'E) factors through 
^4fe+2^2) = hence the above sequence boils down to 

^ DBLik+ii^} = ^/2Z Lik+2{Z) = Z/2Z LAsy°{Z) 
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In the case A = Z and q — 2k — 1, the composition L^kC^) = Z — > LAs'if'{'L) — > 
LAsip{€-) is an injection (because composition with the asymmetric multi-signatures 
LAsy^lC) ^ Z[S'i] from |Ran98; Proposition 40.6 and the projection 1[S^] — > Z, 
SgGS^ ""9 ' — ^ '^1 gives the signature on L4fc(Z) = Z). The exact sequence becomes 

^ DBL4k-i{^) = — ^ L4fc(Z) = Z LAsy"(Z) 

Corollary 5.5.3. Let g = 2to - 1 i.e. e = -1. Lei z = (F ^ G F* ,9) he a 
regular skew- quadratic split preformation over Z 

i) [z\ S l^mC^) is elementary if and only if there is a flip -isomorphism reld 
t such that a*{z,t) = G LAsy°{Z). 

ii) The quadratic signature p*(z, i, j/, 0, k, A, ?/) £ Lirn{'^) only depends on z 
and t. 



CHAPTER 6 



Non- Singular Formations 



Throughout this chapter "formation" will mean a non-singular e-quadra- 
tic split formation for e = 9 > 2. Let A be a weakly finite ring with 

involution and 1. 




/ 


e 




X X I 





/' 



Let (e, /, /') : (W, M, M') — > X x (/, 0, 1) be a special kind of Kreck surgery situa- 
tion (i.e. e, / and /' are highly-connected): all maps arc normal maps and {X, dX) 
is a finite geometric Poincare pair such that dM -—^ dX is a homotopy equiva- 
lence. Such a normal cobordism is called a presentation of /. Presentations are 
also used to define obstructions to odd-dimensional traditional surgery problems 
(for details see Section II. 1|) . Hence the Kreck surgery obstruction z ~ {F ^P— 
G F*,e) with F = Kq+i{W, M) and G = Kq+i{W) in this case is a formation 
i.e. ( ^ ) : G — > H^{F) is an inclusion of a lagrangian. 

It is possible to prove much stronger results about formations. In Section 16.11 
we deal with some useful technical observations about formations and their flip- 
isomorphism. 

If one applies the construction of Section |0] to a formation one obtains a (2g + 2)- 
dimensional quadratic Poincare pair x — [g: dE = D' Uc D — > E, {5uj = Q,uj)) for 
which C is contractible. 

The definition of quadratic signatures was rather awkward because we had to make 
sure that a fiip-isomorphism induces a self-equivalence {ht,Xt) on {C,ip) which is 
homotopic to the identity. For formations C is contractible and, hence, every fiip- 
isomorphism is a flip-isomorphism rel9. This also leads to a simpler version of the 
quadratic signatures in Section 16.21 

We investigate the behaviour of the asymmetric signatures of formations in Sec- 
tion 16.31 They turn out to be independent from the choice of flip-isomorphism. 
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6. NON-SINGULAR FORMATIONS 



As an application we will construct non-clcmcntary preformations for which all 
asymmetric signatures are vanishing. We will also show how the asymmetric sig- 
natures relate to traditional even-dimensional surgery theory i.e. how they behave 
for boundaries of non-singular forms. 



6.1. Flip- Isomorphisms 

We will need to discuss some very technical properties of non-singular formations 
in order to make the computations in the following sections. 

A formation {F ^ G F*,0) is an e-quadratic split preformation such that the 
map 

Ij-.G^H.iF) 

is an inclusion of a lagrangian. By |Ran80a) Proposition 2.2., this map can be 
extended to an isomorphism of hyperbolic e-quadratic forms 



Remark 6.1.1. For any r: G* — > G the maps 7' = 7 + 7(r - er*), jl' = jl + ii{t - 
er*), 9' = 9 + {t - eT*)*9{T - er*) + J* fJ-{T - er*)* - er define another extension to 
an isomorphism of hyperbolic forms. Conversely any such extension can be derived 
from 7, fl, 9. 

The relationship between those maps and a flip-isomorphism of the formation can 
be described as follows: 

Lemma 6.1.2. Let (F G — ^ F* , 9) be a formation and {a, (3, v) a flip isomor- 
phism. Let f , 7, fl and 9 as explained before. 

i) = ( 'X 

' 7* 

ii) There is an isomorphism 

fi* r\ M -iWo o^ 

(F ^ G ^ F*,9) + {F* ^ G ^ F,9) ^ d{G, 9) + {G* ,G) 

iii) (a) a{'y -\- {v — ev*)* ^) — t^(5 

(b) a-> = 7/? 

(c) 13*9(3 + 9 + ti*!^^ = G Q-e{G) 

iv) There is a E Q^^{G*) and Y = — e^* such that 

(a) ea(7 + {v - ev*)*jj)l3* = ^lY + fi 

(b) a-*iip* =7^ + 7 

Proof. i) From f*HJ = H, it follows that f-^ = H-^f*H,. 

ii) Follows straight from the Dcfinition ll.2.1l| 

iii) One can compute the composition of isometrics of hyperbolic forms 



6.2. QUADRATIC SIGNATURES 



81 



with 



Y ^ fi*a-*flf3* +j*aj(3* +j*a{iy - eiy*)*fil3* 
5 = -(3g*(3* - Pfl*iy*fip* +eY*eY + ejyY + e(. 



□ 



6.2. Quadratic Signatures 

Let z = (F G F*, 9) be a formation and t = (a, /3, v) be a flip-isomorphism, 
there is a representative oi 9 € Q-e{G) and a representative for D € Q-e{F*) 
and a K e HomA(G', G*) such that (3*9f3 + 9 + ^*iyfi ^ k + en* . 

As described in the previous section we can extend ( ^ ) to an isomorphism (^J^^^ of 

hyperbolic forms. A choice of 7, fi, 9 (compare previous section) defines a homotopy 
Ac: 1^0: C — >C with 

Ac,q+i = {efl* 7*) : = F ® F* C,+i = G 
Ac,, = -e Q : C.^i - G* ^ = F © F* 

Then all flip-isomorphisms of a 2: are flip-isomorphisms rel9 with a homotopy 

(A = Ac(l - h,), ri = Ac^%{xt - Ao^^^)) : (1, 0) ~ {h^,xt) : (C, V) ^ (G, V) 

The non-singular (— e)-quadratic form (M, ^) from the definition of quadratic sig- 
natures 1)5.3.1(1 is given by 

P 

-e9* I : M = G* ®G®F* — > M* 



M* M* 



we obtain a prettier non-singular (— e)-quadratic form (M, ^' — — /^/*) 

(7*/i 7*Q;i/a*7 — 7*Q!7 0\ 
£6** : Af = G* © G ® F* — > M* 

Definition 6.2.1. The quadratic signature p*{z, i, 7, /i, 9) is the element {M, 

G L2,+2(A). □ 

Theorem 6.2.2. Lei z' be a formation. [2'] S /2(3+2(A) is elementary if and only if 
there is a stably strongly isomorphic z = {F G F*,9), a flip-isomorphism 
t and 7, /i and such that 

f=(l. IV fl, ')):i?.(G)^i/e(F) 





vA^ M/ V7 M 

is an isometry of hyperbolic e-quadratic forms and p*{z,t,j,jl,9) = G L2g+2(A). 
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Proof. If there exist i,7, jl and 9 as above then by construction 
= p*{z,t,j,il) = -p*{z,t,A,p) 
By Theorem 15.4.11 [z] e ^2^+2 (A) is elementary. Assume now that z 



G — > F* , 6) is elementary and let it have the special form described in Proposition 
ll.4.l|[v)| Clearly {% ) : U — > U ®U* is a split injection and even a lagrangian. As 
in Section l6. II the map can be extended to an isometry 

V ^\ / 9' 0^ 

of hyperbolic forms. Then the maps 

^0 0^ 
,0 a, 



H,{R)^H,{U*) 



7 



1 -e5- 
f 



G* ^ U* ® R* - 
■.G*^U*®R* 
G* = U* ® R* - 



F^UOU* 
F* ^U* i 
>G=U®R 



U 



'0 0' 
,0 ^' 

are completing (2) to an isometry of hyperbolic forms (compare Section 
Define a strong flip-isomorphism t = (a, (3, i' — 0) of z by 

-1' 
-e 

-1 -T' 

1 



/3 



F = U®U* 
:G=U®R 



^ F* = U* ®U 
G = U®R 



Then p*{z,t,ii,0) is represented by a non-singular (— e)-quadratic form (M, (as 
in Definition 16. 2. 1(1 which has a lagrangian 



(I 










1 











1 






















ta 





U* ®R* ®U 



M ^U* ®R* ®U ®R®U* ®U 



□ 



6.3. Asymmetric Signatures 



The asymmetric signature of formations has one surprising property: it is indepen- 
dent of the choice of flip-isomorphism (although the existence of a flip-isomorphism 
is still a necessity to define it). We illustrate this fact by showing an analogy 
in the world of manifolds. Let (W, M, M') be a manifold with dM — and 
let H: M M' be a diffeomorphism. Glueing the cobordism along H yields 
a closed manifold Wh- Different choices of H lead to different manifolds which 
however are in the same Schneiden-und-Kleben- cobordism class (= cut-and-paste- 
cobordism class) . These cobordism groups were e.g. studied in KKN073 (see also 
|R.an98j Remark 30.30) and are quotients of the ordinary cobordism groups using 
the equivalence relation PUf N ~ PUgN for manifolds with boundary {P, dP) and 

{N, dN) and homeomorphisms /, g : dN dP. The SKL-cobordism group of an 
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(n + l)-diniensional manifold V with n > 5 is discovered by an asymmetric signa- 
ture similar to the one used for twisted doubles in Section EITl one takes a singular 
chain complex C — C(y) with a chain equivalence A — [M] fl— : C and 

looks at the image of (C, A) G LAsy"^^{Z). The SKL-bordism group is isomorphic 
of the image of L"+^(Z) — > L^sj/"+^(Z), hence Z if n = (mod 4) and zero else. 
Our proof will use equivalent facts about symmetric Poincare pairs (see |Ran98j 
30.30). 

Theorem 6.3.1. Let z be a formation. Let t and t' be two flip-isomorphisms. 
Then a*{z,t) = a*{z,t') G LAsy°{A). Hence the map a* defined in Theorem \4-.5.S\ 
induces a map 

a*:l2g+2{A) LAsy°{A) 
with /2g+2(A) = {[2] G Z2g+2(A) : z allows stable flip-isomorphisms} a submonoid 

0fl2q+2{A). 

This theorem can be applied to the boundary of non-singular forms. They are the 
obstructions of Wall's surgery theory interpreted as a special case of Kreck's surgery 
theory i.e. they live in the image of the inclusion 

^29+2 (A) (A) 

{K,e) ^ d{K, e)^{K ^ K K\e) 

Corollary 6.3.2. Let {K,9) be a {-e)- quadratic form. Then z = d{K,9) is a 
formation. 

i) z has a (.stable) flip-isomorphism (i.e. [z] G ^29+2 (A) j if and only if {K,6) 
is non-singular. 

ii) z has a stable strong flip-isomorphism if and only if {K, 9) is non-singular 
and2-[(if,0)] = OGi29+2(A). 

iii) [z\ G ^2g+2(A) is elementary if and only if {K,6) is non-singular and 

[(X,(?)] = 0GL2,+2(A). 

iv) If {K,0) is non-singular, a*{[z,t\) [{K,0 - e9*)] G LAsy^{K) for any 
stable flip-isomorphism t. 

v) Assume that either A is a field of characteristic different to 2 or that 
A = Z and e = — 1 . z is elementary if and only if the asymmetric signature 
vanishes. 

Proof. i) Obviously {K, 9) must be non-singular if z allows a stable 

flip- isomorphism. If {K, 9) is non-singular then t = (A*, 1, eA~^) is a flip- 
isomorphism of z. 

ii) If {K, 9) has a strong flip-isomorphism (a, /?) then (3*9(3 = —9 G Q-^{K). 
Hence [{K, 9)] = [{K, -~9)] G ^29+2 (A). On the other hand if 2 • [{K, 9)] = 
O G L2q+2(A) then, after stabilization, there is an isomorphism (3*9(3 = 
—9 G Q-^{K) and {eX(3,(3) is a strong flip-isomorphism. 

iii) Easy. 

iv) Let t — {a, (3, v) be the flip-isomorphism of|i)] Let \ = 9 — e9* and let 

/O " \ 

p = 1 ~e \ : M F®F* ®F — > M* 

\0 1 eaiiy* ~ tv)a* ) 
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as in Defimtion l4.3.1l Then p © — A has the lagrangian 

1 \ 

-eA 

1 
V-e 1 / 

Hence the asymmetric signature CT*(z,t) = {K,X) G LAsy'^{K). By Theo- 
rem the asymmetric signature is independent of the choice of stable 
flip- isomorphism. 

v) In these cases the maps (l + r_e): £2?+2(A) L'^i+^{A) and L^'i+^{A) 
LAsy'^{A) are injective (see e.g. jRan98| Chapter 39D and Remark l5.5.2ll . 

□ 

Here is a counter-example for the converse of Theorem 14. 5. 31 

Example 6.3.3. Let z be the boundary of any non-singular skew-quadratic form 
over Z or Z/2Z with non-trivial Arf-invariant. By Corollarv l6.3.2l z has stable flip- 
isomorphisms and all asymmetric signatures vanish but it is not stably elementary. 

Back to the proof of Theorem 16.3. II We recall that in Section the asymmetric 
signature a*{z,t) e LAsy'^{A) was defined as the asymmetric signature of the 
(2g + 2)-dimensional symmetric Poincare pair xt- In our case C is contractible and 
D®D and dEt are chain equivalent. The following two lemmas treat this situation 
in general. 

Lemma 6.3.4. Let (/: C — > D, [5(j),(j))) be an n-dimensional symmetric Poincare 
pair and (/i, x) '■ {C, (j)) (C, (j)) a self- equivalence. Assume that C is contractible 
with A: 1 ~ 0: C — >C. 

Define v = 54> + (-)"-i/A^V/* and p = A^°(A^V - x - /iA^"#*)- 
There is an equivalence 

{a, a) : {D ® D,v ® -v) ^ {D\Jh D,5(l)\J^-5(t>) 

Dr © Dr > {D U,i D)r = Dr ® Dr ® Cr-1 




{-rfPsf* 

(-)^-i/A^Vs 

J-)"+i-'-A^"(/)s/i*/* (-)"+i-''+''TeA^"(/)s_i^ 

{D Uh = © Jjn+l-r+s ^ (jn-r+s 
> {D Uh D)r ^ Dr®Dr® Cr-1 

of n- dimensional e-symmetric Poincare complexes. 

Lemma 6.3.5. Let x = {g: dE — > E,{9,dd)) be an (n + I) -dimensional sym- 
metric Poincare pair such that the boundary (dE, 89) is a twisted double of an 
n-dimensional symmetric Poincare pair (/: C — > D,(6(j),(f>)) with respect to a 
self-equivalence {h,x)'- iC,(f) iC,(f). We write 

5 = (in jl k) : dEr = Dr ® Dr ® Cr-1 — ' Er 

Assume that C is contractible with A: 1 ~ 0: C — > C. Hence there is a chain 
equivalence A: ~ 1: C — > C (i.e. dA + Ad — Ic)- Applying Lemmas \6.3.4\ 
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\A . 2. .51 to X yields an {n + 1) -dimensional symmetric Poincare pair 

x' - {{jo Ji) :D(BD~^E,{0' = e+{~r gag*, iy(B-iy)) 

Let {B,X) be the asymmetric complex of x and {B',\') the asymmetric complex of 
x' as given in Proposition \4.2.'S[ Then there is an equivalence 

{b,0 ■■ {B,T\)^{B',TX') 

b = (^J {-Yjof^ : Br ^ Er (B Cr-l (B Dr Bl = Er (B Dr 

^ f{-kA<l>,h* + {-Y+^jofpo)A*rj*o 

of {n + I) -dimensional asymmetric complexes with p and p as defined in Lemma 

Proof of Theorem 16.3. 1L By Lemma l031 cr*(z, t) e LAsy^{K) is the asym- 
metric signature of the {2q + 2)-dimensional symmetric Poincare pair 

x'* = {g'*:D®D — > E , {S0' , ly ® -v)) 

g'l+i = (1 -13) : Dg+i ® Dq+i =G(BG^ E^+i - G 

5e'„ = -€Y : E'^+^ = G* — >Eq+i^G 

= -fi*: = F ^ Dg+,=G 

= -fi:Di+^ = G* — >Dq=F* 

By Coronarv l4.2.8l cr*fx'*') is the image of the union of x'* in LAsy'^{K). But there 
is another way to construct a;'*: there is a {2q + 2)-dimensional quadratic Poincare 
pair 

i = {g:D®D' — > E,{Q,v®-v')) 

g = (1 -I) : Dg+i (B Dq+i ^ G (B G Eq+i = G 

< = -r-- D" =F* ^D'^+,=G 

v'^ = -^■.D''+^=G*^D'^ = F 

and an isomorphism {et, Xt) ■ {D, v) {D' , v') given by 

= /?: Dqj^i = G — > D'^+i = G 

et,q = a-*:Dg = F*^D'g = F 

Xt,o = -eY : 0'"+' = G* ^ D'^+, - G 

Lemma |A.2.5l and the isomorphism can be used to replace the "boundary compo- 
nent" {D', v') by {D, v). The result wiU be x'\ Glueing both ends (i.e. D and D') 
of X together using (et, xt) yields the union of x'*. Hence all unions of x'* for differ- 
ent choices of t are in the same algebraic Schneiden-und-Kleben-cobordism 
class. By Ran98 30.30(ii) their images in LAs?/^''+^ ( A) coincide. Those images 
are precisely the asymmetric signatures a*{x' ) — a*{z,t). □ 



CHAPTER 7 



Preformations with Linking Forms 

For the whole chapter let q > 2, e = ( and let A be a weakly finite ring 
with 1 and involution. 

We consider a special group of preformations {F ^P— G F* , 6) namely those 
for which fi becomes an isomorphism after localization. The most important ex- 
amples are probably preformations over Z with injective /i and rkG = rkF. For 
those classes of preformations one can use the theory of linking forms developed for 
formations in RanSlj 3.4. and improve our results for asymmetric signatures. 
In Section 17.11 we quickly repeat the concept of localization and define linking 
forms following IRan&lj . Section 17.21 defines linking forms on preformations 
and discusses the relationship between isometrics of those linking forms and flip- 
isomorphisms. It turns out that every flip-isomorphism induces an isometry of 
linking forms and in turn every isometry of linking forms gives rise to a stable 
flip- isomorphism. 

Similar to the flip-Z-monoids, in Section 17. 31 we define linking-/-monoids of prefor- 
mations with a choice of isometry of their linking forms 

In Section 17.41 we show that the asymmetric signatures we defined in Section 
14.31 only depend on the effect of the flip-isomorphism on the linking forms of the 
preformation. If a preformation is stably elementary then all those asymmetric 
signatures vanish (see Theorem l7.4.3|l . This theorem is an improvement to Theorem 
I4.4.1l because isometrics of linking forms are easier to handle then flip- isomorphisms. 
For Z there are only finitely many isometrics of a given linking form. Also, it is 
enough to look at one representative of a class in /2g+2(A). 

We will use these results to define asymmetric signatures for certain simply-connect- 
ed Kreck surgery problems using the topological linking forms of the manifolds 
involved (see Section 17.511 . 

7.1. Localization 

Although we could generalize our results for Ore-localization, we will focus on the 
easier case of localization away from a central multiplicative subset. 
We repeat some definitions from |Ran81| Chapter 3.1. and 3.4. 

Definition 7.1.1. A subset S* c A is called central and multiplicative if 

i) st e S for aU s,t e S, 

ii) s e S for all s e S, 

iii) if sa = e A for some s € S and a G A then a = S A, 

iv) sa = as £ A for all s 6 5' and a G A. □ 

Definition 7.1.2. Let 5 c A be a central and multipficative subset. The local- 
ization S^^A of A away from S is the ring with involution and 1 defined by the 
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equivalence classes of pairs (a, s) G A x S under the relation 
(a, s) ~ (a', s') 4=> as' = a's G A 

with 

(a, s) + (a', s') = {as' + a's, ss') 
{a,s) ■ {a' ,s') = {aa',ss') 
{a,s) = {d,s) 

□ 

Example 7.1.3. Let tt be a group and w. n — > Z/2Z be a group morphism. 
Let A = Z[7r] be its group ring endowed with the w-twisted involution n ■ Ig i — >■ 
w{g)n ■ Ig-i. Then 5 = Z \ {0} is a central multiplicative subset of A. The 
localization of A away from S is canonically isomorphic to the group ring Q[7r] with 
the obvious involution. 

Definition 7.1.4. Let S C A be a central and multiplicative subset. A morphism 
/: M — > N of A-modules is called an S'-isomorphism if the induced 5~^A- 
module morphism 

S-^f:S-^M — > S-^N 

X ^ ^ f{x) 

s s 

is an isomorphism. □ 

Definition 7.1.5. Let S* C A be a central and multiplicative subset. A chain 
complex C over A is S-acyclic if the chain complex S~^C = C <SiaS~^A is acyclic. 

□ 

Definition 7.1.6. Let S' C A be a central and multiplicative subset. A (A, 5)- 
module M is an A-modulc such that there is an exact sequence of A-modules 

— > P — > M — >0 
with P and Q f.g. projective and d an 5-isomorphism. □ 

Definition 7.1.7. Let S* C A be a central and multiplicative subset. 

i) Define the relative Q-groups 

Q^(A,S') = {6eS'-^A|6-e6 = a-ea,ae A}/A 

C Q'(5-^A/A) = {6e6'-^A|6-e6e A}/A 

Qe{A,S) = {beS-^A\b^eb}/{a + ea:aeA} 

C Q,{S-^A/A) = S-^A/{a + b- eb\a G A, 6 € S'^A} 

ii) An e-symmetric linking form (M, A) over (A, S) is an (A, S')-module 
M together with a pairing A : MxM — > 5~^A/A such that A(a;, -) : M — 
S'~^A/A is A-linear for all a; G M and A(x, y) = eX{y, x) for all x,y € M. 

iii) A split e-quadratic linking form (M, A, v) over (A, S) is an e-symmetric 
linking form (M, A) over (A, 5*) together with a map v. M — > Qc{S^^A/A) 
such that for all y G M and a G A 

(a) i^{ax) = aiy{x)a G Qe{S^^A/A) 

(b) iy{x + y)- i^ix) - v{y) = X{x, y) G Q,{S'^A/A) 

(c) (1 + T,)u{x) = X{x, x) G Q'{A, S) 
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□ 

Example 7.1.8. Let A = Z and 5 = Z \ {0}. Then 5"^ A Q/Z. A (A, S')-niodule 
is nothing but a finite abelian group. 

An e-symmetric hnking form (Af , A) over (A, S) is a finite abehan group M together 
with a bihnear e-symmetric pairing A: M x M — > Q/Z on it. 
For e — 1 a, spHt quadratic Hnking form (M, A, v) over (A, S) is nothing but 
symmetric hnking form (A/, A) with ly: M — > Qi{S~^A/A) = Q/Z given by 
^{x) = ■^X{x, x). 

For e = —1, (5_i(Q/Z) = and a spfit skew-quadratic hnking form (Af, A, i^) over 
(A, S) is a skew-symmetric hnking form (Af, A) with X{x,x) ~ for all x G Af. 

7.2. Flip-Isomorphisms and Linking Forms of Preformations 

Let 5' C A be a central multiplicative subset of A. 

As in the proof of |Ran81| p. 242ff we define the linking forms of preformations 
for which 7 or /i are 5'-isomorphisms. 

Definition 7.2.1. Let a; = (F ^ G F*,e) be a regular e-quadratic split 
preformation. 

i) If n is an 5'-isomorphism there is a split (— e)-quadratic linking form = 
(coker/x, Ap,;/^) over {A, S) given by 

Apt coker/i x cokcr/i — > 5^"'^A/A, {x,y) ' — > ~1*{^){9) 

v^: coker^ — > Q^,{S-^ A/ A), yi — > le{g){g)- 

s s 

for x,y € F* , g G, s d S such that sy = /i(.g). 

ii) If 7 is an S'-isomorphism there is a split (— e)-quadratic linking form = 
(coker7, A^, Vj) over (A, S) given by 

Xj-. coker7 X coker7 — > S^^A/A, {x,y) ' — ^ ^—fJ-*{^)i9) 

ly^ : coker7 Q^,{S-^A/A), y ^ --0{9){g)- 

s s 

for x,y d F, g G, s ^ S such that sy = 7(5). 

iii) If 7*/i is an S'-isomorphism there is a split (— e)-quadratic linking form 
Lj*^, = {cokei J* fi,Xj*i_,,iyj*i_,) over (A, S") given by 

A^.^: cokei J* 11 x coker7*/i — > S^^A/A, {x,y) 1 — > ~x{g) 

v^.^,: coker7> — > Q_e(S'"^A/A), y 1 — > ie(.9)(.g)^ 

for x,y € G*, g G, s G S such that sy = 7*/i(g). 
Similarly, there exist (— e)-symmetric linking forms L'^ , and L'^ ^ for e-quadratic 
preformations with 7 respectively /i S-isomorphisms. □ 

Remark 7.2.2. The definitions are taken from the proof of jRan81| Proposition 
3.4.3 which establishes a correspondence between S-formations and linking forms. 
It is easy to verify that a regular split e-quadratic preformation z = {F G 
F*,6) and its fiip z' are S-formations if /it or 7 are S- isomorphisms. Under that 
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correspondence z is mapped to and z' is mapped to L^. We will exploit this 
fact in the proof of Proposition 17.2.81 

Linking forms can tell us something about elementariness and the existence of flip- 
isomorphisms. 

Proposition 7.2.3. Let z ~ (F G F*,0) be a regular split e-quadratic 
preformation with either fi or ^ an S -isomorphism. 

i) // z allows a flip-isomorphism then both 7 and fj, are S -isomorphisms. 
Every flip-isomorphism t = (a, P, x) induces an isomorphism of split (— e)- 

quadratic linking forms [a^*] '■ L^. 

ii) Assume 7 and ji are both S -isomorphisms and and are isomor- 
phic. Every isomorphism I : induces a stable flip-isomorphism 

{a,(3,x) of z such that [a^*] — I: Lf^ L^. 

iii) // z is stably elementary then 

(a) 7 and fi are S -isomorphism, 

(b) Lf, L^, ^ 

(c) {G,j*fi,6) is S-hyperbolic i.e. L^-^ = £ L^{A,S) (see |Ran81| 
p. 271). 

Similar for the non-split case. 

Proof. For the proof it is necessary to remember the definition of the (2g-|- 1)- 
dimensional quadratic complexes {N,() and {N' associated with z and its flip 
z' (lEH and 12211 on p. l^ . 

i) Direct calculation. 

ii) z and its flip z' are split e-quadratic S'-formations in the sense of |Ran81| 
p. 240. Hence we can apply |Ran81| Proposition 3.4.3. The proof shows 
that there exists a stable isomorphism of split e-quadratic S'-formations 
between z and z'. Using the isomorphism in Remark II .2. 15l[iv)| it is not 
difficult to show that this leads to a stable (weak) flip- isomorphism of z. 

iii) Obvious from Proposition II. 4. 2jiv)| and |Ran81| Proposition 3.4.6ii). 

□ 



7.3. The Linking-WMonoid Z/f,(A) 
Let C A be a central multiplicative subset. 

Proposition l7 . 2 . 3l shows that there is a strong relationship between flip- isomorphisms 
of preformations which allow linking forms and the isomorphisms of those linking 
forms. Similar to Section 14.51 we define a monoid of preformations with linking 
forms and a choice of isomorphism between them. 

Definition 7.3.1. 

^29+2 (A) = [[{F ^ G F*,0)] e Z2g+2(A)|Ai and 7 are S-isomorphismsj 
K+2i^) = {[(^,0]:NeZf,+2(A)} 

are sub- monoids of ^2^+2 (A) and 7^29+2 (A). Similarly one defines /|'^^^(A) and 
/Z^'^^(A) in the non-split case. □ 
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Definition 7.3.2. We consider tuples (z, I) with z ~ {F G F*,9) a regular 
e-quadratic preformation such that 7 and /i are S'-isomorphisms and I : 
an isomorphism of linking forms. 

An isomorphism (77, C) of such tuples (z, I) and (z', Z') is a strong isomorphism 
(77, (,) : z z' of preformations such that I' — ri*lrj. 
Define the hyperbolic elements (j/fcjO) with j/fc = dH_^{K^). 

The stable isomorphism classes of such tuples form the linking-Z-monoid ^^2(j+2(^) 
Similarly we can define llf^^{A) for the non-split case. □ 

Proposition 7.3.3. There is a commuting diagram of surjective morphisms of 
abelian monoids with zero 



L 




with L(z,t = (a,/3, i^)) = (z, [a^*]), 7ry(z,t) = z and 7r;(z,Z) = z. The fibre 
Tr~^{[z]) of a preformation z — (F G F* ,6) is either empty or the set of 
all isometries L-y. Similar for the non-split case. 

Proof. Use ProDOsition l7.2.3l □ 



7.4. Asymmetric Signatures 

Let 5 C A be a central multiplicative subset. Let z = {F G F* ,0) be a 
regular e-quadratic split preformation such that 7 and /i arc S-isomorphisms. In 
other words [z\ e ^213+2 (^)- Proposition l7. 2 . Ill shows that any flip-isomorphism gives 
rise to an isomorphisms of the linking forms and and vice versa. The rela- 
tionship between flip-isomorphism and linking form isomorphism goes even further. 
We will prove that the asymmetric signature of two flip-isomorphisms which induce 
the same isomorphism L'^ are identical. 

In the case of A = Z, this drastically reduces the amount of work one has to put 
into checking all the asymmetric signatures (see Theorem 17. 4. 3|) . Instead of going 
through all flip-isomorphisms of all the preformations z + 9i7_e(A"), we only have 
to compute them for the flnite number of isomorphisms of two given linking forms 
of one arbitrary representative of [z] € (A) . 

First we need to check that the asymmetric signature of an isomorphism L"' 
is well-defined. 

Proposition 7.4.1. Lett= (a,/?, x) andt' — [a',l3',x') two flip-isomorphisms of 
z which induce the same isomorphism of linking forms 

Then a*{z,t) = a*{z,t') G LAsy'^{A). Similar in the non-split case. 

We need a little lemma which shows that for 1-dimensional 5'-acyclic complexes 
quasi-isomorphisms and chain-equivalences are the same. This is not true for arbi- 
trary (even free) chain complexes. 
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Lemma 7.4.2. Let N and N' be free \- dimensional S -acyclic chain complexes and 
f : N — y N' a chain map which induces the zero map in homology. Then there is 
a chain homotopy A; / ~ 0. 

Proof of Proposition 17.4.11 The asymmetric signature of a flip-isomorph- 
ism is constructed in Section 14.31 as the asymmetric signature of the {2q + 2)- 
dimensional symmetric Poincare pair = (g* : dEt — > E, (0, 0t)). Its boundary 
is a twisted double of the symmetric Poincare pair (/: C — > D, (0, (j))) in respect 
to the self-equivalence (/it,0): (C, </>) {C^cj)). We will show that the two flip- 
isomorphisms t and t' lead to homotopic equivalences (/it,0) ~ {ht',0) and that 
therefore the twisted doubles {dEt,dt) a.nd{dEt' ,0t') are equivalent and, finally, 
that the asymmetric signatures of x* and x* are the same. 
As described in Section [3. 21 t and t' induce two isomorphisms 

(e,p),(e',p'): {NX)^{N',C) 
of the (2g+ l)-dimensional quadratic complexes defined in (|2.1|) and H2.2|) on p.l33tf. 
The fact that t and t' induce the same linking form isomorphisms translates into 
e* = e'*: H*{N') ^ H*{N). 

By Lemma 17.4.21 e and e' are chain homotopic. Let A : e ~ e' : — > N' be a 
chain homotopy. 

By the proof of |Ran80a) Proposition 3.4. (see also Lemma rA.2.7(l (e, p) and (e', p') 
induce isomorphisms 

(de, 0), (5e', 0) : (C, 0) = (^A^, (1 + T)dC) ^ [C , = [dN', (1 + T)dC) 
of 2(7-dimensional symmetric Poincare complexes given by 

Using the fact that A^ and A^' are short and ^-acyclic one can show that there is a 
chain equivalence (9A, 0) : {de, 0) ~ {de' , 0) : (C, 4>) (C, (j)') given by 

dAg+i = (0 e/3'A*a-*) Cg = F <S) F* —> C^+i = G* 
dAg - (^^^ : =G* ^C'g=F*(BF 

As explained in Section 13.21 we compose de with the inverse {h, 0) : (C, (j)) 
(C, (j)') from H2.5|l on pagel34lin order to get the self-equivalence (/it, 0) : (C, (j)) 
{C,(f). Using Lemma [5.1.21 or by direct calculation one finds a homotopy of the 
chain maps 

{h-^dA, 0) : {ht, 0) ^ {hf , 0) : (C, 0) ^ (C, 0) 

which can be fed into LemmaEHH Hence cr*(z, <') = cr*(a;* ) = a*{x") £ LAsy"{A) 
with a;" = (g" : ^i;* — > E, (0, 6it)) given by 

p=(l /?' - /3'A*a-*) : = G ® G © © i^* — > Eg+i = G 

Finally, there is a homotopy equivalence (1, 1; Z) : x" — > x* given by 

? = (0 e/3'A*a-* O) : dEt^g ^ F* ® F* ® G* — > Eg+i = G 

Hence x" and x* are cobordant rel(9 by Lemma [2.2.21 By Proposition 14.4.41 their 
asymmetric signatures coincide. □ 
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This proposition shows that the asymmetric signature of a flip-isomorphism in 
^2(j+2(-^) only depends on its induced isomorphism of linking forms. 

Theorem 7.4.3. There is a lift of the asymmetric signature map of Theorem \4.5.3\ 

flf+\A)-^LAsy^{A) 




lft\K) 

Let TT; he as in Proposition \7.3.'^ If [z] G l'^?~^'^(A) is elementary then a* (tt'^^ [z]) — 

{0} i.e. there exist isomorphisms I: L^ and the asymmetric signatures 

a*{z, I) G LAsy'^{A) vanish for all of them,. Sim,ilar in the split case. 

7.5. Asymmetric Signatures of Simply-Connected Manifolds 

We will now concentrate our efforts to simply-connected manifold i.e. the case of 
A — li and S = 1\ {0}. First we observe that results of Section [7.41 can be 
generalized - they remain true even if 7 and /i are not injective and if G is not free 
(i.e. if the preformation is not regular). We can also show that the algebraic linking 
forms of an obstruction preformation are induced by the topological linking forms 
in certain simply-connected Kreck surgery problems. 

Let z = {F G i^*) be a e-quadratic preformation over Z such that coker7 
and coker fi are finite. (G may have torsion and 7 and /i might not be injective). 
We will show that the asymmetric signature for flip-isomorphisms of z also only 
depend on their behaviour on the linking forms L'^ and L^ by constructing a new 
preformation z' which is closely linked to z but fulfils all the requirements of Section 
17.41 fi.e. it is regular and its maps are 5-isomorphisms). 

Lemma 7.5.1. i) ker7 = ker/x 

ii) G'/ker7 is f.g. free and of rank rkF. 

iii) There is another regular split e-quadratic preformation z' over TL defined 

by z' = {F <^-^ G'/ker7 F*,ip) for which the following diagram 
commutes 




Gj ker7 

iv) z is elementary if and only if z' is elementary 

v) Every flip-isomorphism t = (a, f3, a) of the e-quadratic formation (F 

G — ^ F*) induces a flip-isomorphism t' = {a,fi',a) of z' . Then a* {z,t) = 
cr*{z',t') G LAsy°{Z). 

Proof. There is a free f.g. submodule G' such that G ~ G'0ker7. There can 
be no torsion in G' because 7 is a homomorphism into a free module. We write 

7 ^ {j^ 0) : G = G' © kcr7 — > F 

/i = (a^i Ai2) : G = G'©ker7 ^F* 
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71 is obviously injective and hence induces an isomorphism over Q. Therefore G" 

has the same rank as F. As 7*/i is (— e)-symmetric, fi2 must vanish. Then /ii 

must be injective as welL Hence z' — {F <^ G' F*,6\G') is a well-defined 

preformation with all the claimed properties. 

By Lemma Fl .4.41 z is elementary if and only if z' is elementary. 

Let t = (a, /?, x) be a flip-isomorphism of z. Obviously /3(ker7) = ker /i = ker7. So 

we can write 

^):G = G'©ker7 — >G = G"©ker7 

\P2 P3 / 

It follows that t' = (a, /?!, a) is a flip- isomorphism of z' . The Definition 14 . 3 . II of the 
asymmetric signature is independent of (3 and G, hence the signatures of t and t' 
are the same. □ 

The lemma justifies the following generalization of asymmetric signatures: 

Definition 7.5.2. Let I: L^^ L'^ be an isomorphism of spht (— e)-quadratic 
linking forms. Let z' be the regular e-quadratic split preformation constructed in 
Lemma lV.5.11 Then (7*(z, I) — a*{z' , I) e LAsy^CZ) is the asymmetric signature 

of z and the isomorphism /: L'^ of linking forms. □ 

Theorem 7.5.3. // [z] G is elementary then the asymmetric signature 

I) G LAsy^(Z) vanishes for all isomorphisms I : of linking forms. 

Proof. Follows from Lemma l7.5.1l Lemma 11.4.41 and Theorem l7.4.3l □ 

Definition 7.5.4 f |Ran02| Example 12.44'!. i) Let A/ be a (2g-|-l)-dimens- 

ional manifold. The Unking form on M is the bilinear form on the 
torsion submodulc of Hq{M) and Hq{M ,dM) given by 

hi - THq{M) X THq{M,dM) — > Q/Z 

{x,y) I — > - < z,y> 
s 

with z G G«(M, dM) and s G Z \ {0} such that sx = d{z n [M]) G Cq{M). 
ii) Let M — > B be a map of (2g -I- l)-dimensional manifold in a topological 
space. The B-linking form on M is the (— e)-symmetric form on the 
torsion submodulc of Hq+i{B, M) given by 

Ifi : THq+i{B, M) X THq+i{B, M) Q/Z 

{x,y) I — > lM{p{x),p{y)) 

with p: Hq+i{B, M) — > Hq{M). □ 

Remark 7.5.5. If dM = then Im is a non-singular (— e)-symmetric linking form 
on THq{M). 

Proposition 7.5.6. We repeat the assumptions of Kreck's surgery theory in the 
simply- connected case: Let p: B ^ BO be a fibration with Tri{B) — 0. Let Mi 
be (2q -\- 1)- dimensional manifolds with a {q — l)-smoothings in B i.e. a lift 
of the stable normal bundle over p which is q-connected. Let f: OMq — + dMi 
be a diffeomorphism compatible with the smoothings. Let W be a cobordism of 
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B 
Mo 
iB 



Mo U/ Ml with a compatible q-smoothing over B. As in CoroUary \1.4--5\ we define 
an obstruction 

x{W) = {F ^ G F*,9) 

= iH,+i{W, Mo) ^ Hq+2{B, W) — . Hq+i{W, Mi), 0) 

//coker7 = Hq^i{B, Mo) is finite then = —I 
//coker/i = Hg+i{B, Mi) is finite then L'^ = ■ 
Assume both cokernels are finite. IfW is bordant reld to an h-cobordism then there 
exist isomorphisms I: — = ^^^Mo ^'^'^ their asymmetric signatures 

a*{x{W),l) e LAsy°{Z) will all vanish. 

Proof. The complex Cq+2 = Hq+2{B,W) Cq+i = Hq+i{W,Mo) has ho- 
mology Hf{C) — H^,{B, Mo). There is a homotopy equivalence m : C — > C{B, Mo) 
and there is a chain map C{B,Mo) — » C,_i(Afo) which induces the connecting 
homomorphism 9» : _ff»(_B,Mo) — > -ff*_i(A/o)- Both maps together yield a chain 
map 

Cq+l{Mo) Cq{Mo) 



Cq+2 J ^ Cq+1 

which induces the connecting map p: Hq+i{B,Mo) — > Hq{Mo). 
Let a,b € coker7 = Hq+i{B, Mo) = Hq+i{C). Represent both homology classes by 
chains a,b ^ C'g+i- Then there is a g S Cq+2 and an s G Z\{0} such that sa = "f{g). 
Let z e C«(Mo,(9Mo) such that p{g) = z n [Mq]. Then sp{d) = d{z n [Mo]). 
Hence Im^M = \{z,p{b)). Let b' e i/'J+HVP", Mq') such that b' n [W] = 6. 
Then lM^{a,b) = \{p*z,b' n [W]) = -e^{b',p*{z) n [W]). Since p is a connecting 
homomorphism p*(z)n[Ty] — — ei(zn[Afo]) = —^wig) — ~^t^{9)- Hence (a, 6) — 
l{b',^i{g)) = -eiM*(&)(.9) = -L^ia,b). □ 



APPENDIX A 



A crash course in algebraic surgery theory 

This chapter is a compilation of the main theorems and constructions of algebraic 
surgery theory, taken from RanSOa or RanSl . 

Throughout this chapter let A be a weakly finite ring with 1 and an 
involution and let e G A such that e = (e.g. e = ±1). 

A.l. Quadratic and symmetric complexes 

Definition A. 1.1. A chain complex C (over A) is a collection of homomor- 
phisms of f.g. free A-modulcs {dj.: Cr — > Cr^i\r S Z} such that drdr+i — 
0: Cr+i — > Cr-i for all r. C is called n-dimensional if = for r < and 
r > n. 

Its homology A-modules H^:{C) are defined by 

Hr{C) = ker(d: C,. — > Cr-i)/ im{d: Cr+i — > Cr). 
Its cohomology A-modules H*{C) are defined by 

H'^iC) = ker(d* : C — > C''+^)/im{d* : C"'-^ — > C). 

A chain map / : C — > D of chain complexes over A is a collection of A-module 
morphisms {fr'- Cr — > Dr\r G Z} such that d^fr — fr-id-c- Cr — > -Dr-i for all 
r. 

A chain homotopy g: f f : C > D of two chain maps / and /' is a 

collection of A-module morphisms {gr'. Cr-i — > Dr\r G Z} such that Jl — /,. ~ 

dogr+l + grdc '■ Cr > Dr- 

A chain map is a chain equivalence if it has a chain homotopy inverse. It is an 
isomorphism if it consists of isomorphism of modules only. 

The mapping cone C(/) of a chain map / : C — > D is the chain complex given 

by 

de = (^"^Q ^^l^'^ '-^^ : e{f)r =Dr® Cr-l e{f)r-l = Dr^l © Cr^2 

□ 

Definition A. 1.2. Let C be a chain complex. The e-duality involution is 
defined by 

T,: HomA(CP,C,) ^ HomA(C«,Cp) 
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We define new chain complexes iy^°(C, e) and W%{C,e) by 
W^\C, e)n = {<ps : C"-'-+^ Cr\r G Z, s > 0} 

{cPs} ^ + + (<^«-i + (-TO«_i): 

where we set 0_i = 0. 
W^%(C, e)„ = {Vs : C"-''-^ ^ a|r e Z, s > 0} 
d%:W%{C,e)n W%{C,e)n-i 

{VJ ^ {#, + (-)>«rf* + (-r-«-i(Va+i + (-r+'T,V.+i): 
— , (7^1^ g z, s > 0} 

Their homology groups are the e-symmetric Q-groups Q"'{C, e) = H„(W^''{C, e)) 
and the e-quadratic Q-groups Qn{C,e) = Hn{W%{C,e)). They are related by 
the e-symmetrization map 

Qn{C,e) Q"(C,e) 

f{(l+T,)Vo} :ifs = 0, 
^ \0 :ifs7^0. 

□ 



Remark A. 1.3. In the case of e = 1 we omit the e and we will simply speak of 

symmetric complexes, (3„(C), VF^°(C), T etc. 

Definition A. 1.4. Let C be a chain complex and n €N. Define the chain complex 
C"-* by 

den-, = {-rd*c: (C"-*), = C"-"- = C*_, {C^-*)r-i- 

An e-symmetric n-dimensional complex (C, </>) is a chain complex C together 
with a cycle cj) G W^°(C, e)„. It is called Poincare if the Poincare duality map 

(j)o ■■ C"-* — > C 

is a chain equivalence. 

An e-quadratic n-dimensional complex (C, ip) is a chain complex C together 
with a cycle ip £ W%{C, e)„. It is called Poincare if the Poincare duality map 

(l+T,)Vo:C"-* 

is a chain equivalence. 

A morphism of e-symmetric n-dimensional complexes / = (/, p) : (C, (p) — > 

(C, (j)') is a chain map f:C — > C" and a p G VF^°(C", e)„+i such that ^' - fcj)/* = 
d'^'ip) i.e. 

<i^'s - f<i>sr = dps + i-YPsd* + {-r+%ps-i + i-YT^ps-i): c^-^+' ^ a 

i.e. /^/* = (j)' & Q^{C). It is an equivalence if / : C — > C" is a chain equivalence. 
It is an isomorphism if / : C — > C is an isomorphism. 

A map of e-quadratic n-dimensional complexes / = (/, a) : (C, ip) — > (C, ip') 
is a chain map / : C — > C and a a € W% (C, e)„+i such that ■0' — fipf* = <i%(o') 
i.e. 

< - f^sf = das + {-Y<Tsd* + {-r-\as+i + {-y+'T,as+i) : C^-'-' ^ Cr 
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i.e. ftpf* = V'' G Qn{C). It is an equivalence if / : C — > C is a chain equivalence. 
It is an isomorphism if f : C — > C is an isomorphism. □ 

We can define compositions and inverses of morphisms. One can also define inverses 
for homotopy equivalences but we will not need such a construction in this treatise. 

Definition A. 1.5. The composition of two morphisms of e-symmetric n- 
dimensional complexes (/, p) : (C, cj)) (C, and (/', p') : (C, (/)') (C", </>") 
is the morphism (/'/, p' + fpf'*): {C, ct>) ^ (C", (f")- 

The composition of two morphisms of e-quadratic n-dimensional com- 
plexes {f,a): (C, V) ^ (C, V') and (C, V') ^ (C", V") is the morphism 

The inverse of an isomorphism (/, p) : (C, (p) (C, (p') of e-symmetric n- 
dimensional complexes is the isomorphism (/, p)~^ = {f~^, —f~^pf~*) '■ {C, <f)') 

The inverse of an isomorphism {f,a): {C,tp) {C',tp') of e-quadratic n- 
dimensional complexes is the isomorphism (/, a)~^ = {f~^, —f~^crf~*) '■ {C , V'') 



A. 2. Quadratic and symmetric pairs 

Whereas the algebraic equivalent of closed manifolds (respectively normal maps 
of closed manifolds) are symmetric Poincare complexes (respectively quadratic 
Poincare complexes), the analogues of manifolds with boundaries or normal maps 
are symmetric and quadratic pairs. 

Definition A. 2.1. Let /: C — > £> be a chain map. We define chain complexes 
W%(/,e)andVF%(/,e)by 

VF^°(/,e)„+i = {(^</.«:£>"-f+«+i^£>p,0«:C"-'-+«^a)b,rGZ,s>O} 
rf^- W^^°(/,e)„+i ^ W^^"(/,e)„ 

{{5(t>s, 0.)} ^ {{d{54>s) + (-)'-(<5<^.)rf* + [-r+'{5<l>s-i + {-yUS<f>,-i) 
+ (-)"/(/.,/*: 7^"-'-+^^ D,, 

+ i-y^sd* + (-)"+«-i(0,_i + (-)^T,0,_i): 
C^^-r+s-i ^Cr)\r eZ,s>0} 
where we set cp-i = and 6^-i = 0. 
VF%(/,e)„+i = {(^V.:£>"-^-^+'-£'p,^.:C"-'--^^a)b,r-GZ,s>0} 
d% ■■ W% (/, e)„+i ^ W% (/, e)„ 

i^s)} ^ {( W.) + (-)''('5V'a)rf* + (-)"-^(<5V.+i + (-)^+^T,(5V«+i)) 
+ (-)"M,r:D"— ^^i^,, 

rfV'a + i-r^sd* + i-r-'-\i^s+i + i-r+'T,yjs+i): 
C"-'-"-^ ^ a)|r e Z, s > 0} 

Their homology groups are the e-symmetric Q-groups Q"'{f, e) = Hn{W^°{f, e)) 
and the e-quadratic Q-groups Qn{f, e) = Hn{W%{f, e)). They are related by the 



98 



A. A CRASH COURSE IN ALGEBRAIC SURGERY THEORY 



e-symmetrization map 

Qn{f,e) Q^{f,e) 

f((l+r,)5Vo,(l + i;)^o) :ifs = 0, 
^ [0 :ifs^O. 

□ 



Definition A. 2. 2. An (n+l)-dimensional e-symmetric pair (/: C — > D, {54>, 
4>)) is a chain map /: C — > D together with a cycle {S(j),(j)) G e)„+i. It is 

cahed Poincare if the Poincare duality map D^+i-* — > G{f) given by 



is a chain equivalence. 

An {n+ l)-dimensional e-quadratic pair (/: C — > D,{5tp,tp)) is a chain map 
/: C — > D together with a cycle (^ViV") € W%(/, e)„+i. It is called Poincare if 
the Poincare duality map — > C(/) given by 

(1 + r,)5Vo 

^(_)n+l-'-(l+T,)Vor 

is a chain equivalence. □ 



Remark A. 2. 3. In the above definitions the Poincare duality maps can be replaced 
by the chain maps 

((500, /<^o) : e{fr+^-*^D 
in the symmetric case and by 

((1 + rj^Vo, /(I + T,)Vo) : e(/)"+i-* D 

in the quadratic case. 

Definition A. 2.4. A homotopy equivalence of (n+l)-dimensional e-quadra- 
tic pairs 

{g, h;k):{f:C^D, (5^, V')) ^ (/' : C D', {Si;', /)) 
is a triple {g, h; k) consisting of chain equivalences 

g-.C^C, h:D — >D' 

and a chain homotopy 

k: f'g^hf-.C^D' 

such that 

{g,h;k)%{Sij,i;) = (5V',V'') G Qn+i{f',e) 

with 

{g, h; k)%{5i>, = {h54,,h* + + {-Y+^kT,i,,+^k* + 

□ 

Here are some useful lemmas about changing the boundary of a pair and examples 
for homotopy equivalences of pairs. 
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Lemma A. 2. 5. Let c= {f: C — > D, (dipjip)) be an (n + l)- dimensional e-quadratic 
pair and {g,a): (C",V') — *■ (C", V") it^o,? of n- dimensional e-quadratic com- 
plexes. Then 

c' = i f = fg: C ^ D, {5i^' = 54' + (-)"/^/*, ^')) 

is an (n + 1)- dimensional e-quadratic pair. If g is a chain equivalence, then c and 
c' are homotopy equivalent pairs. Same for the symmetric case. 

Complexes and pairs are in a one-to-one correspondence. 

Definition A. 2. 6. An n-dimensional e-symmetric complex {C,<j)) is connected 

if Ho{(j)o: (7"-* — > C) = 0. An n-dimensional e-quadratic complex (C, V') is 
connected if Hq{{1 + Te)^o: C*""* — > C) = 0. 

The boundary (dC, d(j)) of a connected n-dimensional e-symmetric complex 

{C,(j)) is the (n — l)-dimensional e-symmetric Poincare complex defined by 

dec = f if i'tt )-dCr = Cr+i e C"-'' SC.-i = a 6 



i-rdc 



^0 - , 1 

'(-)"-"+^-lTe<^,+ l 0^ 

0^ 

^ (jn-r+s ^ Qr-s+X dCr = C^+l ® C""'" (s > 0) 

The boundary (9C, dt/j) of a connected n-dimensional e-quadratic complex 

{C,tl>) is the (n — l)-dimensional e-quadratic Poincare complex defined by 

dgc = ^~^7\^5^'^'"1 : dCr = Cr+1 C""'" dCr-1 = Cr ® C7"-'-+l 



{^Ydi 
^^„_^_i ^ ^„_^ ^ ^^^^^ ^ ^ ^^^^ ^ ^„ 

^ ^„_r-s ^ ^^^^^^ ^ Q(j^ ^ (j^^^ ^ (jn-r > 

The thickening of a connected n-dimensional e-symmetric complex (C, (b) 

is the e-symmctric n-dimensional Poincare pair (ic : dC — > C"~*, (0, with 

= (0 1) : o>a- = a+i ® C"-'' ^ (C"-*)^ = C"-^ 
The thickening of a connected n-dimensional e-quadratic complex (C, i/;) 

is the e-quadratic n-dimensional Poincare pair {ic: dC — > C"~*, (0, QV)) with 
ic = (0 1) : dCr = Cr+i (£> C"-'' (C"-*)^ = C""''. 

The Thom complex of an (n + f )-dimensional e-symmetric Poincare pair 

(/: C — > D,{6(j),(j))) is the connected (n -|- l)-dimensional e-symmetric complex 

(e(/), (5,^/0) given by 
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The Thorn complex of an (n + l)-dimensional e-quadratic Poincare pair 

(/: C — > D,{dip,ip)) is tlie connected n-dimensional e-quadratic complex 
(e(/),(5V'/V') given by 



S^s 

Q(^jyi+l-r-s ^ jjn+l-r-s ^ (jn-r-^s ^ g(^^^ = ® Cr- 



1 

□ 



Lemma A.2.7 ( RanSOaj Proposition 3.4.). Let {f,x)- (C» ^ (C",!/-') be an 
isomorphism of n-dimensional e-quadratic complexes. Then there is an isomor- 
phism 

{df,dx) : {dc,d^p)^{dc',d^') 

5x0 = : ac"""'' — > 9c; 

— ^ ac; c;+i © c""'^ (s > o) 

and a homotopy equivalence (5/, /~*;0) between the thickening-ups of {C,ijj) and 

Proposition A.2.8 f [RanSOaj Proposition 3.4.). The Thorn complex operation 
induces an natural one-to-one correspondence between the homotopy equivalence 
classes of n-dimensional e-symmetric Poincare pairs and the homotopy equivalence 
classes of connected n-dimensional e-symmetric complexes. Poincare pairs with 
contractible boundaries correspond to Poincare complexes. Thickening is the inverse 
operation. Similar for the quadratic case. 



A. 3. Unions of pairs 

The union-construction is an algebraic analogue of glueing two {n-\- l)-dimensional 
cobordisms {W,M,M') and {W',M',M") together at M' . 

Definition A. 3.1 ( RanSOa p. 135). The union of two adjoining e-symmetric 
[n + l)-dimensional cobordisms 

c = ((/c fc) -.C^C ^ D,{S^,^®-(j,')) 
c' = iifh' fh")--C'(BC" ^D',iS<t>',<j>'®-r)) 

is the e-symmetric (n -\- l)-dimensional cobordism 

cue' = ((/^, f^„):C®C" ~^D",i6r,cl>®~r)) 
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given by 



do" = I dc 

{-r-\fh, do', 

fi = I j -.Cr^D'; 

\fc"/ 

S(l)s 



^ d;' = Dr® c;_i e 

We shall normally write 

D" = D Uc D', S(j)" = 6(f) U^> 6(f)' 
The union of two adjoining e-quadratic (n + l)-dimensional cobordisms 

c = ((/c fc) -.C^C ^D,{6ij,ij®-^')) 
c' = {{f'c fh")--C'®C" ^D',{6i;',i;'®-r)) 
is the e-quadratic (n + l)-dimensional cobordism 

cue' = {{f^, f^„):C®C" ^D",{6i;",^®-r)) 

given by the same complex D" and the same maps /q, f^„ as in the symmetric 
case and 

( 6i,s 

D'; = Dr® c;_i © L>; 

We shall normally write 

D" = D Uc D', ^V" = U^/ ^V' 

□ 

Glueing and symmetrizing cobordisms are commutative operations as the following 
example illustrates. 

Lemma A.3.2. Let 

c = {fc,:C' ^D,{5i;,-^P')) 
c' = {f'cr.C' ^D',{6i,',i,')) 
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be two e-quadratic (n + 1)- dimensional Poincare pairs. Then 

(1,X) : [D" ^D\Jc'D\{l + T,){5^\J^,5i;')) 

{D", (1 + r,)(5V) U(i+T,)^' (1 + T,) W)) 




^0 



— > D'; ^Dr® c;_i © £»; 

is an isomorphism of {n + 2) -dimensional e-symmetric Poincare complexes. 

Next we show that changing the common boundary of two pairs doesn't change 
their union 

Lemma A. 3. 3. Let 

c - (/: 

c' = (/': C^i?',(<5V',^)) 

he two e-quadratic (n A- 1)- dimensional Poincare pairs. Let (h, x) '■ {C, (C, tp) 

be an equivalence of quadratic complexes. Using Lemma \A.2.,'A define the (n + 1)- 
dimensional e-quadratic Poincare pairs 

c ^ {f^fh:C~^D,{H^5i^+{~rfxf*,^^)) 
^ = {T = f'h:C^D',{H =5iy + {-rfxf'\^^)) 

Then there is an chain equivalence of (n + 2) -dimensional e-quadratic Poincare 
complexes 

c U -2' = (L> Up D', -S^p') 

^ c U -c = (D Uc Sip -Sip') 

o^ 

i-r-''xsf* {~T+^-^-'T,xs+i 
{-Y-^f'xs Oy 

> (£» Uc D')r =Dr® Cr^i © D'^_^ 

Another construction we will use is the union of a fundamental pair. The 
geometrical analogue can be described as such: Let (VF, M, M) be an {n + 1)- 
dimensional cobordism and glue it together along its boundaries. Using Mayer- 
Vietoris one sees that the resulting manifold V has the chain complex C{f — g) 
with {f,g): M -\- M — > W being the inclusion of the boundary. 

Definition and Lemma A. 3. 4 ( |Ran98l Definition 24.1.). An (n + l)-dimensional 
e-symmetric pair is called fundamental if it is of the form ((/, .g): C © C — > 
D, [Sep, (p © — (/>)). Similar for the quadratic case. 

The union of a fundamental (n+l)-dimensional e-symmetric Poincare pair 

((/, g): C © C — > D, {Sep, (p © -~(p)) over A is the (n + l)-dimensional e-symmetric 
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Poincare (U, p) complex over A given by 

U = e{f-g:C^D) 

Ps = 



jjn+l-r+s ^ j^n+l-r+s ^ (jn-r+s , JJr = Dr ® Cr-l 



The union of a fundamental (n+ l)-dimensional e-quadratic Poincare pair 

((/, (7) : C © C — »■ D, {Sip, ip © —"0)) over A is the (n + l)-diniensional e-symmetric 
Poincare {U, a) complex over A given by 



U = e{f-g:C^D) 

Sips {-Ygi^s 

jjn+l—r — s -£^n+l—r—s q ^n—r — s 



Ur = Dr® Cr-l 

Proof. Compute the union {D" , <p") of the two cobordism over A 



((1,1): CeC^C, {0,-<f)®(P)) 



(or the quadratic analogue). Then use the isomorphism of chain complexes 



/I 








-9 \ 





1 











1 


1 




Vo 








1 / 



D'^ = Dr® {Cr-l © Cr-l) © Cr ■ 



■D'l 



d 

d 

Vo (-y-^ (-y-' d> 



(<i(-y-\f-g) 
d 





Vo 







(-)'■ 



£>;'_! = Dr-1 © {Cr-2 © Cr-2) © Cr-l ^ D';_^ 



□ 



A. 4. Surgery on complexes 

Definition A. 4.1. Let {C,tp) be a connected n-dimcnsional e-quadratic complex 

and c= {f: C — > D, {6tp, tp)) an e-quadratic (n -|- l)-dimensional pair. 

c is connected if the zeroth homology of its Poincare duality map vanishes. 
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The result of an e-quadratic surgery on a connected pair c is the connected 
n-dimensional e-quadratic complex iC' ^ijj') given by 

dc (-)"+i(l + T,)^o/* 
dc = I (-)V do (-r(l + r,)#o 

{-Yd*^ 





- Cj- 











^0- 









1 






r 








{-YT^^s-lf* 0' 


= 


(- 


-Y-'-'TMs-l 


VO 














Dr+l > Cl=Cr® Dr+1 © D 



' Dr+s+1 

— > c; = a ® Dr+i © (s > 0) 

Similar for the symmetric case. □ 

In an obvious way we can introduce the notion of an cobordism of complexes. It 
turns out to be an equivalence relation and its equivalence classes are the surgery 
X-groups. 

Definition A. 4. 2. A cobordism of two n-dimensional e-quadratic Poincare 
complexes (C, ip) and (C, tj)') is an (n-l-l)-dimensional e-symmetric Poincare pair 
(/: C © C" — > £>, (^V: 4> ffi Similar for the symmetric case. □ 

The well-known relations between surgery and cobordism hold also in the algebraic 
world 

Proposition A. 4. 3 f |Ran80a] Proposition 4.1.). i) Algebraic surgery pre- 

serves the homotopy type of the boundary, sending Poincare complexes to 
Poincare complexes. 
ii) Two Poincare complexes are cobordant if and only if the one can obtained 
from the other by surgery and homotopy equivalence. 

Proposition A. 4. 4 ( RanSOa Proposition 3.2). Cobordism is an equivalence re- 
lation on n-dimensional Poincare complexes. Homotopy equivalent Poincare com- 
plexes are cobordant. 

The cobordism classes of Poincare complexes are groups and are the preferred 
definition for the L-groups amongst algebraic surgeons because they are related 
to the L-groups defined as Witt-groups of forms and formations. See RanSOaj 
Chapter 4 and 5 for more details. For our purposes the only fact we really need is 
the following lemma: 

Lemma A. 4. 5. Let (C, ip) be an 2m- dimensional quadratic Poincare complex with 
Ci = for i ^ {m + 1, to}. Then 



is a non-singular {~')™ -quadratic form. 



A. 4. SURGERY ON COMPLEXES 



105 



(Cjip) is null-cobordant if and only if {AI,6) = G i2m+2(A). Homotopic or 
cobordant e-quadratic complexes lead to the same element in i2m+2(A). 

Remark A. 4. 6. This is a special case of the instant surgery obstruction given in 
|Ran80a| . A similar result does not hold in general for symmetric complexes. 

Proof. Define the connected (2m + f )-dimensional quadratic pair (/: C — > 
£), (0, V')) with / = f : Cm+i — > D^+i = Cm+i and A = for i 7^ m + 1. We 
simplify the result C of the surgery on C using the homotopy equivalence 



C' 



'm+l 





Cm © Dra+1 © D 




M* 



|Ran80a) Proposition 4.3. and Proposition 5.1. finish the proof 



□ 
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